Setup Restarting FISTA Restarting APPROX Adaptive

Restarting
accelerated gradient methods with
a rough strong convexity estimate

Olivier Fercoq

Joint work with Zheng Qu
TELECOM
ParisTech

20 March 2017 54 Fii |

1/28

restar



Setup

Restarting FISTA Restarting APPROX

Minimisation of composite functions

Minimise the “strongly” convex composite function F

min {F(x) = f(x) + ¥ (x)}

xERN

e f: RN R, convex, differentiable, with L-Lipschitz
gradient

e 1 : RV = RU{+0c0}, convex, with simple proximal
operator

. 1 )
proxy, (x) = arg min (y) + 5 llx — yl;

e [ = f + g features some kind of strong convexity

Adaptive restart
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The local error bound property

Let X, be the set of optimal solutions such that

Vx. € X, Vx € R", F, = F(x.) < F(x).

Assumption

There exists s > 0 and pg(s) > 0 such that if dist, (x, X,) <'s,
F(x) > F. + “FT(S) dist, (x, X.)?

Examples:
- F(x) = ¢(Ax) with V2¢(x) > 0, Vx
- F(x) = 3[[Ax = b|* + Al|x|lx
Local error bound for s > 0 = local error bound V compact set
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Algorithms: FISTA

Choose xp € dom ). Set 6y = 1 and zy = xp.

for k > 0 do
Vi = (1 = k) xic + Orzi
Xey1 = arg mineegn {(VF(yi), x—yi)+3 Ix—=yillF +(x) }
Zy1 = Zk + g—lk(XkH — Yk)

N RV

0k+1 - 2
end for
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Algorithms: APG

Choose xg € dom 1. Set 0y =1 and zg = xq.

for k > 0 do
Yk = (1 — Hk)xk + Qka
Ziey1 = argmingepn {(VF(vi), z—yi)+ %l z—ze |7 +1(2) }
Xir1 = Y+ Ou(Zk1 — 2k)

£/ 01+462—062

0k+1 — 2
end for
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Algorithms: APPROX

Choose xo € dom ¢. Set p = 7 and zy = xo.
for k > 0 do

Yo = (1= 0k)xc + Okzi

Randomly generate S, ~ S

for i€ S, do 0
' - i nv; i i
2hx = arg min {(Vif (). z-yi)+5 — lz= 2 +0/(2)}
end for

Xir1 = Yi + 20k(2Zir1 — )

\/ 0} 4462 —062

9k+1 = 2
end for
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Accelerated gradient methods

e =20 pre > 0 is known
FISTA Beck & Teboulle Vandenberghe
APG Nesterov Nesterov
dual APG Nesterov Nesterov

APPROX | Fercoq & Richtérik | Lin, Lu & Xiao
O(1/k%) O(1 — /iF)¥)

The algorithms that guarantee linear convergence depend
explicitly on ur (e.g. 0y = \/1ir, Vk)

7/28



Setup Restarting FISTA Restarting APPROX Adaptive restart

Restart when 1f is known

Proposition (Nesterov: Conditional restarting at x)
Let (xk, zx) be the iterates of FISTA. We have
=

F(xi) — F(x) < e (F(x0) = F(x.))-

Moreover, given o < 1, if

[ 1
k>2y/——1,
apr

then F(xx) — F(x.) < a(F(x0) — F(x:)).
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FISTA with restart

Choose xp € dom ). Set 6y = 1 and zy = xp.

for k >0 do
Yk = (]. — Qk)Xk + eka
X1 = arg min,egn {(VF(yi), x—yi) +31Ix—yil[F+(x) }
Zy1 = Zk + %(Xk+1 — Yk)

\/ 0} 4402 —062

ek—i-l — 2
if k=0 mod [21 [L - 1] then
U1 = bo
Zk+1 = Xk+1
end if
end for

Issue: the algorithm still depends on g
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Methods when 1if is not known

e Dual APG with adaptive restart [Nesterov]

1. Start with xp and an estimate p of pr.

2. Perform periodic restart as if ;1 were smaller than pf

3. If the “gradient” is not small enough at the time of
restart, decrease ;4 and go back to step 1.

— Annoying transient phase (go back to xp)

e Heuristic adaptive restart [O'Donoghue & Candes]
- If F(xk41) > F(x«), then restart
— Works well in practice but no guarantee
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Our goal

e Perform periodic restart with an arbitrary frequency

e Show convergence at a linear rate

e Result for FISTA, APG and APPROX
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Complexity without restart

Proposition
The iterates of FISTA and APG satisfy for all k > 1,

1

1 1
(F(Xk) — F*) + 5 diStL(Zk, X*)2 = dIStL(X(), X )2

2
ekfl

N

1 1
3 dist; (xi, X, )? < = dist;(x, X, )?

N

— First inequality is a direct consequence of classical results
using diStL(Zk, X*) < sz — X*H/_
— The second is a stability result
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Unconditional restarting

Theorem (Restarting for FISTA and APG)

Let (xk, zx) be the iterates of FISTA or APG.

Let o € [0,1] and xx = (1 — 0)xx + ozx. We have for
pr = pe(disty(xo, X)),

1 1
~dist (%, X)? < Zmax (0,1 — —U;LF dist; (xo, X.)?
2 2 02
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Proof
1 . _ 2 ]. — g .. 2 g . 2
§dIStL(Xk,X*) < TdIStL(Xk,X*) + EdIStL(Zk,X*)

definition of xx = (1 — o)xk + oz
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Proof

1 1-
5 dist (%, X.)? < TU dist, (i, X.)2 + %distL(zk, X,)?

2
_(1_~_ 2 4 o o i1 2
= (1 o 2 1> dist(xk, Xs)” + 2 1( dist(xk, Xx) +— dISt(Zk,X*)>

Rearrange
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Proof

1 1-
5 dist (%, X.)? < 7 dist, (xq, X)? + 2 > disty (2, X.)?

2
_(1_~_ 2 4 o o i1 2
= (1 o 2 1> dist(xk, Xs)” + 2 1( dist(xx, Xy)” + > dISt(Zk,X*)>

2

L dist(ze, X, )2

0
1F o —(Fla)—F + )

2 2
ek 1 ek—l

max(0, x) > x and local error bound

< max (O, l-0— ) dist(x, X, )% +
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Proof

1 1-—
5 dist (%, X.)? < 7 dist, (xq, X)? + %distL(zk, X,)?
(1 TUF 1d' )2 O _(KF 4 PYRY: 9%—1d- Y.)2
= —U—E 5 |St(Xk, *) + E 7 |St(Xk, *) -+ T |St(Zk, *)

opp\l 2 g eifl . 2)
< max (O, 1—0—913_1)2d|st(xk, X))+ 912(_1(F(xk)—F* + > dist(zx, Xy) )
1 1
< dist; (Re, X, )2< max (o, 10— O;ﬂ) = dist, (x0, X,)2 + 2 dist, (x0, s )?
2 02, )2 2

1
= max (a, 1- gzﬁ)i dist, (x, X, )
k—1

Complexity of FISTA/APG + stability
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Nb iters to reach F(xx) — F(x,) < 1010

min,ern 5[|Ax — b||3 + Al|x||1, N = 4 (iris dataset)

Lest 1/ 01]001]103[10*|10°>|107°] 1078
Dual APG with 447 | 398 | 265 | 156 | 162 | 163 | 163 | 163
adaptive restart

FISTA-1. 751 [ 352 | 170 | 173 | 264 | 201 | 277 | 277

FISTA restarted:
at x, Proposition 751 | 687 | 297 | 160 | 198 | 278 | 278 | 278

at x, Theorem 633 | 274 | 168 | 211 | 278 | 278 | 278 | 278
if F(Xk+1) > F(Xk) 121
APG-u 751 | 351 | 340 | 882 | 2580 | 7453 | >1ed | >1e4

APG restarted:
at x, Proposition 751 | 684 | 297 | 189 | 311 | 894 | 1471 | 4488

at x, Theorem 632 | 275 | 173 | 281 | 794 | 1310 | 3977 | >1e4
if F(Xk+1) > F(Xk) >led
751: Proximal gradient > le4: APG
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Restarting Accelerated coordinate descent

Expected separable overapproximation (E[|§|] =7):
E[F(x + hig)l < F(x) + 5((VF (). ) + 31412

Choose xo € dom ¢. Set p = 7 and zy = xo.
for k > 0 do

Vi = (1 = 0k)xic + Orzx R

Randomly generate S, ~ S

for i€ S, do 0
nv; ; ;
Zk+1 = arg m|n { (Vif(yk), z—yi)+ sz |z—z, |+ (Z)}
end for

Xir1 = Yk + 20k(zir1 — k)

/0446202
2

Orsr =
end for
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Complexity of APPROX without restart

1—-46p

A(X) = 98

dist, (x, X,)?

(F) ~ )+ g0

Proposition
The iterates of APPROX satisfy for all k > 1,

k

E[A(x)] < A(x) = 2k

i=0

012 . (xi) — F]+ 90 E[F(xk) Fi]

where vi >0, Y vi =1 and xx = > ; vz
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Contraction result
Notation
Xy = % (Zfzo %Xi T <9091k—1 o 1;590) Xk>
mi(p) = #25—00) (ka;ol ezi + s 15%90>

A(x) = 352 (F(x) = F.) + o disty (x, X.)?

Theorem (Restarting for APPROX)
Let o € [O, 1], )_<k = 0X) + (1 — 0))°<k. /fu/: = MF(+OO) > 0,

E[A(xk)} < max (0,1 — omy(11r)) A(x0)

— Possible to deal with local error bound too
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APPROX with periodic restart

Choose xo € dom v, set zp = xp and Oy = ~.
Choose ¢ € (0,1) and K € N.
for r > 0do
k(r)=K xr
(Xk(,+1), )o(k(r+1)) = APPROX()_(k(,), 90, K)
Ri(r+1) = 0%(r) + (1 = 0) ()
end for

Corollary

E [A(zk(r))} < (max(o, 1 — om(ur))) A(x)

< <( max(o, 1 — O'mk(,UF)))l/K)k(r)A(XO)
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How good is this rate?

e Given an estimate ji Of fiF, take o0 = L

1+mK(;U‘est) ’
o m(p) € O(ubds K?)
-TakeK:{f 1+-L 0£+1]
Nest 0
Corollary
n Hest 63 A(XO) 4\/§
/fk2T<6\/6max(M VMF)log< )Jwr)

1
(1= 00)(F(x) = F) + 5lbac — xlly < e

Adaptive restart
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Rate of APPROX with periodic restart

1074

A
\
rate restarted approx P
----- bound on rate b
= = = rate coordinate descent
10 -8 L L L L
10710 1078 1076 1074 1072
i

10°
Rate as a function of the estimate u (up = 1072, n

— 10)
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Rate of APPROX with restart every 107n it.

100 : : : :
rate restarted approx

----- bound on rate ’
= = = rate coordinate descent ”, ’

102

104}

Iy
106
1081
10710
10710 108 10°® 107 1072 100

He
Rate as a function of the true ur (1 = 1073, n = 10)
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Logistic regression problem (ftest = fiv)

. A
min, cgpn W > iy log(1+ exp(bjaij)) + [Ix[l1 + &1 x|?
rcvl; n =N =47236; m = 20242; x1:1oooo u‘v:1/(10n)

- - - APCG (1)
., Acc+Restart (pF)

—CD

log(Primal Dual Gap)
=y

R—
.

-10

0 1000 2000 3000
time

10
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Logistic regression problem (ftest = 1041y)

: A
min, cgpn W > iy log(1+ exp(bjaij)) + [Ix[l1 + &1 x|?

rcvi; k1=10000 uw=1/(10n)

APCG (1-1011,)

==, Acc+Restart (1-10 uF)
—CD

log(Primal Dual Gap)
=y

-10 E 3 ) ,
0 1000 2000 3000
time

10
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Logistic regression problem (fiest = 10041y)

min, cgpn m > iy log(1+ exp(bjaij)) + [Ix[l1 + &1 x|?

rcvi; k1=10000 uw=1/(10n)

APCG

.=, Acc+Restart

—CD

log(Primal Dual Gap)
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Logistic regression problem (fiest = 100041y)

min, cgpn m > iy log(1+ exp(bjaij)) + [Ix[l1 + &1 x|?

rcvi; k1=10000 uw=1/(10n)

APCG

.=, Acc+Restart

—CD

log(Primal Dual Gap)
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Nesterov's adaptive restart

Here F is pg-strongly convex

Proposition
For L > L(V(f)), define T, (x) = proxiy, (x — 1VFf(x))
For all x, we have

L
Slx=TL)IP < Fx) = F.
AL%x = TLOI? > pell Telx) — x.f?
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Checking the estimate fieg

Corollary
If F(Xk) - F* S p(,uestyﬂF)k_léHXl — X

2, and X1 = TL(Xo),

2 _
1% — T(x)|I” < [(Fl) = F) = P(Htest 1oF )< HIxa — x|
2 412 2
< p(ﬂest;NF) HTL( ) X*H < p(ﬂestuNF) /~L2 ||X0_TL(X0)H
F

Algorithm
Choose fiest- Run as if we had pies; < pir.
. 2
Check if [|x — To(x)lI? < plHest: trest) 5 130 — Ti(0) 2

If not: reduce ¢ and restart from xg.
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Improvement

Denote a,(u) = H max (a,-, 1— 0;%)
i=0 i

Choose Xy € dom W and i € (0,1).

for r > 0do

_ 4 _ 1
Choose K, = N and o, = T/,

Xi(r+1) Zk(r+1) = FISTA(Xk(r), Kr)
Xe(r41) = (1 = 00)Xu(r41) + OrZ(r+1)

Choose 1,11 to be the largest 1 < p, such that
_ _ 412 _ -
Re(r+1) = Te(Ruren)II* < 2 2 ()ll%0 — Tu(%)I*
r+1

end for

— If we detect that i, is too big, we decrease it and go on
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Theoretical results

o limp, = oo > min(po, pir)
e The number of iteration to get an e-solution is at most

O(V/L/jtoc 08(L/100) + /L] pic l0g(1/€)

Open question:
Same development for randomized coordinate descent
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Conclusion

Summary

e Linear convergence rate for accelerated gradient
restarted at any frequency

e Restarted accelerated coordinate descent

e Good behaviour in practice

Future research
e Nesterov's adaptive restart for coordinate descent

e Restart smoothed duality gap primal-dual methods
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