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What this lecture is about?

o Why sparsity, what for and how?
@ Signal and image processing: Restoration, reconstruction.
o Machine learning: Selecting relevant features.

o Computer vision: Modelling the local appearance of image
patches.

o Computer vision: Recent (and intriguing) results in bags of
words models.

o Optimization: Solving challenging problems.
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@ mage Processing Applications
© Sparse Linear Models and Dictionary Learning
9 Computer Vision Applications

@ Optimization for sparse methods
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@ mage Processing Applications
@ Image Denoising
@ Inpainting, Demosaicking
® Video Processing
@ Other Applications

9 Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

@ Optimization for sparse methods
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The Image Denoising Problem

y — Xorig + W
~

measurements original image noise
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Sparse representations for image restoration

= Xori + w
y orig \ ,

measurements original image noise

Energy minimization problem - MAP estimation

1
E)= " Sly-xlIz + Pr(x)
& ——

. image model (-log prior
relation to measurements g ( g P )

Some classical priors

@ Smoothness \||£x||3
@ Total variation \||Vx|?
@ MREF priors

o ...
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What is a Sparse Linear Model?

Let x in R™ be a signal.

02

700 400 600 800 1000 1200 1400 1600 7800 Z0m

Let D = [dy,...,dp] € R™*P be a set of /{".
normalized “basis vectors” . o C
We call it dictionary. SUUY 4

D is “adapted” to y if it can represent it with a few basis vectors—that
is, there exists a sparse vector ¢ in RP such that y ~ Da. We call «
the sparse code.

afl]

af2]
y| = dy [dy | - | dp :

alp]
yeRm DeRmXp

——
acRe,Sparse
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First Important Idea

Why Sparsity?
A dictionary can be good for representing a class of
signals, but not for representing white Gaussian noise.
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The Sparse Decomposition Problem

1

— D A
ngmgp\\ly alli + M)
sparsity-inducing
regularization

data fitting term

1) induces sparsity in «. It can be
o the £y “pseudo-norm”. |lallo = #{i st. a[i] # 0} (NP-hard)
o the 1 norm. |ally = 2P, |a[i]] (convex),
° ...

This is a selection problem. When ) is the £1-norm, the problem is
called Lasso [Tibshirani, 1996] or basis pursuit [Chen et al., 1999]
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Sparse representations for image restoration

Designed dictionaries
[Haar, 1910], [Zweig, Morlet, Grossman ~70s|, [Meyer, Mallat,
Daubechies, Coifman, Donoho, Candes ~80s-today]. .. (see [Mallat,

1999])
Wavelets, Curvelets, Wedgelets, Bandlets, ... lets

Learned dictionaries of patches
[Olshausen and Field, 1997], [Engan et al., 1999], [Lewicki and
Sejnowski, 2000], [Aharon et al., 2006] , [Roth and Black, 2005], [Lee
et al., 2007]
) 1
min % ~lly; — Dai[3 + M(ev)
a;,DeC “— 2 ——
P N——

. sparsity
reconstruction

o Y(a) = |lafjo (4o pseudo-norm”)
o () = ||y (¢1 norm)
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Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 x 8 patches vy;.
o Solve a matrix factorization problem:

n

_ 1
gl D uta)
1= "~
reconstruction

sparsity

with n > 100, 000

o Average the reconstruction of each patch.
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Sparse representations for image restoration
K-SVD: [Elad and Aharon, 2006]

wm e -_"r ----ll

Figure: Dictionary trained on a noisy version of the image
boat.

Julien Mairal Sparse Coding and Dictionary Learning 13/182



Sparse representations for image restoration

Grayscale vs color image patches
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Sparse representations for image restoration

Inpainting, Demosaicking

) 1 2
gmin, 32 318~ D)l + Al

RAW Image Processing

White
g o e
substraction.
Conversion l

(— o s, (— Demosaicking

;‘?{. ey Gamma
»F VST correction.
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Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008d]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for video restoration

Key ideas for video processing
[Protter and Elad, 2009]
o Using a 3D dictionary.

o Processing of many frames at the same time.

o Dictionary propagation.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
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Digital Zooming

Couzinie-Devy, 2010, Proposed method
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
-
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Digital Zooming

Couzinie-Devy, 2010, Proposed approach
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Inverse half-toning
Original
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Inverse half-toning

Reconstructed image
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Inverse half-toning
Original
13 File Options
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Inverse half-toning

Reconstructed image
r

& file Options

2 Tt fraaiGanes Canr (L) 1909, | 986=TENGEN
MLL ILGI 1S RESERVED '
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Inverse half-toning
Original

i Copyright @ 1987 by AcaodemuSoft-ELORG . Macimtosh Uersidm @ 1988 by Sphere, Inc.
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Inverse half-toning

Reconstructed image
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Julien Mairal Sparse Coding and Dictionary Learning 41/182



Inverse half-toning
Original

By Jonathan Gay &Mﬁrk STEphEﬂ FIETEE R e
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Inverse half—toning




Inverse half-toning
Original

o, i
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Inverse half-toning

Reconstructed image
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One short slide on compressed sensing

Important message
Sparse coding is not “compressed sensing” .

Compressed sensing is a theory [see Candes, 2006] saying that a sparse
signal can be recovered from a few linear measurements under some
conditions.

@ Signal Acquisition: Wy, where W € R™*S is a “sensing” matrix
with s < m.

o Signal Decoding: mingere |1 st. W'y = WTDa.
with extensions to approximately sparse signals, noisy measurements.

Remark
The dictionaries we are using in this lecture do not satisfy the recovery
assumptions of compressed sensing.
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Important messages
@ Patch-based approaches are achieving state-of-the-art results for
many image processing task.
@ Dictionary Learning adapts to the data you want to restore.

@ Dictionary Learning is well adapted to data that admit sparse
representation. Sparsity is for sparse data only.
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Next topics

@ A bit of machine learning.

@ Why does the £1-norm induce sparsity?

@ Some properties of the Lasso.

@ Links between dictionary learning and matrix factorization
techniques.

@ A simple algorithm for learning dictionaries.

(]

Beyond sparsity: Group-sparsity, Structured Sparsity
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@ mage Processing Applications

© Sparse Linear Models and Dictionary Learning
@ The machine learning point of view
© Why does the ¢1-norm induce sparsity?
@ Dictionary Learning and Matrix Factorization
o Group Sparsity
@ Structured Sparsity

© Computer Vision Applications

@ Optimization for sparse methods
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Sparse Linear Model: Machine Learning Point of View
Let (y",x")}’:1 be a training set, where the vectors x’ are in RP and are
called features. The scalars y' are in

o {—1,+1} for binary classification problems.
o {1,..., N} for multiclass classification problems.

@ R for regression problems.

In a linear model, on assumes a relation y ~ w'x (or y = sign(w ' x)),
and solves

min —Zé(y wix)+ AQ(w)

weRP n
_  regularization

data-fitting
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Sparse Linear Models: Machine Learning Point of View

A few examples:
n

: on: . i T2 2
Ridge regression: “rlréhgp%z;(y —w ' x')"+ Al|wl3.
=

Linear SVM: - 0,1 —y'w'x") + \lw|3.
inear “rlréhganmax( y'w'x')+ Aljw||5

Logisti ion: =3 log (1 &™)
ogistic regression Mrlréhgp p Z og(l+e + A|wl|3.

The squared £>-norm induces smoothness in w. When one knows in
advance that w should be sparse, one should use a sparsity-inducing
regularization such as the ¢;-norm. [Chen et al., 1999, Tibshirani, 1996]

The purpose of the regularization is to add additional a-priori
knowledge in the regularization.
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Sparse Linear Models: the Lasso

@ Signal processing: D is a dictionary in R"*P,

min *Hy D3 + A1

aeRp 2
@ Machine Learning:
min iZn:(y"—X"TW)2+/\HW||1 = min iIIy—XTWII2+>\HWH1
weRP 21 4 weRP 2n 2 ’

i=1

with X £ [x!,...,x"], and y £ v, .. .,y""

Useful tool in signal processing, machine learning, statistics,. . .as long as
one wishes to select features.
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Why does the ¢1-norm induce sparsity?

Exemple: quadratic problem in 1D

1 2
in—(y— A
min 5(y — )" + Ala|
Piecewise quadratic function with a kink at zero.

Derivative at 0: g = —y+Xand 0_: g = —y — A\

Optimality conditions. « is optimal iff:
o |a] >0and (y —a)+ Asign(a) =0
o a=0andgy >0and g_ <0

The solution is a soft-thresholding:

a* = sign(y)(ly] = A"
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Why does the ¢1-norm induce sparsity?

(a) soft-thresholding operator (b) hard-thresholding operator
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Why does the ¢1-norm induce sparsity?

Analysis of the norms in 1D

U(a) = a?

4’(@) =2«

The gradient of the #>-norm vanishes when a get close to 0. On its

¥ ()= -1, ¢(a)=1

differentiable part, the norm of the gradient of the /1-norm is constant.

Julien Mairal
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Why does the ¢1-norm induce sparsity?

Physical illustration

E;=0 E;

A

I
o

Yo
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Why does the ¢1-norm induce sparsity?

Physical illustration

E1 = %(YO—Y)z k( )2
Es =F(w—y

E> = mgy
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Why does the ¢1-norm induce sparsity?

Physical illustration

E = %(YO —y)?

E, =%y? y
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Why does the ¢1-norm induce sparsity?
Geometric explanation

X

Z|ly-D A
min ly - Dal3 + Allals

D t. <T.
min [ly = Da3 st [lafi <
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Important property of the Lasso

Piecewise linearity of the regularization path

1.5

coefficient values

Figure: Regularization path of the Lasso
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Optimization for Dictionary Learning

n

_ 1
min Z—Hy/'—DaiH%‘F)\HaiHl
acRP*M < 2

Dec =1

CE{DeR™P st. Vj=1,...,p, |dj]l» <1}.

o Classical optimization alternates between D and «
o Good results, but slow!

o Instead use online learning [Mairal et al., 2009a]

Julien Mairal Sparse Coding and Dictionary Learning
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph

er. Yol
to st

flogE of the Salinas V 3
3 o f 2 hund . et from

Vel andhen with ite sea

th
[P (S | opainiand wat ce, i
f allkh
i D s h
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Matrix Factorization Problems and Dictionary Learning

n

. 1

min > Zly; — Dail3 + Afleillx
agRPXn £ 2

Dec =1

can be rewritten

min fHY Do + Allexllr,
agRPxn 2
DeC

where Y = [y1,...,yp] and a = [a, ..., o).
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Matrix Factorization Problems and Dictionary Learning
PCA

min f||Y Da|% st. D'D=1and ac’ is diagonal.
acRpPxn 2
DeRM*P
D = [dy,...,dp] are the principal components.
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Matrix Factorization Problems and Dictionary Learning

Hard clustering

1 P
min  =||Y —Da|% st. Vie{l,...,p}, o;[j] = 1.
Lmin__IY -~ Da? (Looph Dl

DER™*P =1

D = [dy,...,d,] are the centroids of the p clusters.
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Matrix Factorization Problems and Dictionary Learning
Soft clustering

.1 ; - '
min EHY—DaH%—, sit. Vie{l,...,p}, Zai[/]zl'

pXn
QERY j=1
DeR™*P
D =[dy,...,dp] are the centroids of the p clusters.
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Matrix Factorization Problems and Dictionary Learning

Non-negative matrix factorization [Lee and Seung, 2001]

1
min =[|Y — Dal/%
o €RAX” 2

DeRT*P
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Matrix Factorization Problems and Dictionary Learning
NMF-+sparsity?

1
min  =|Y — Da|/% + \|a| 1.
o€RAX” 2

DeRT*?

Most of these formulations can be addressed the same types of
algorithms.
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Matrix Factorization Problems and Dictionary Learning
Natural Patches
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Matrix Factorization Problems and Dictionary Learning

Faces
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Sparsity-Inducing Norms (1/2)

data fitting term

~
min fla) + X Qo)
acRpP N——

sparsity-inducing norm

Standard approach to enforce sparsity in learning procedures:

@ Regularizing by a sparsity-inducing norm 1.
@ The effect of Q is to set some a[j]'s to zero, depending on the
regularization parameter A > 0.

The most popular choice for :
© The 1 norm, [lecfly = 377, [ex[f]|-
@ For the square loss, Lasso [Tibshirani, 1996].

@ However, the /1 norm encodes poor information, just cardinality!
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Sparsity-Inducing Norms (2/2)

Another popular choice for :
@ The ¢1-/> norm,

Z\|ag||2 = Z(Zaf)lp, with G a partition of {1,...,p}.

Geg Geg jeg
@ The £1-f2 norm sets to zero groups of non-overlapping variables
(as opposed to single variables for the ¢1 norm).
@ For the square loss, group Lasso [Yuan and Lin, 2006].

@ However, the ¢1-¢> norm encodes fixed/static prior information,
requires to know in advance how to group the variables !

Applications:
@ Selecting groups of features instead of individual variables.

@ Multi-task learning, multiple kernel learning.
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

30 Zz,Kh V) Ly, 1)

1 -y
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

30 ZZ,Kh V) Ly, 1)

1 -y

Successful application to texture synthesis: Efros and Leung [1999]
.. to image denoising (Non-Local Means): Buades et al. [2006]
.. to image demosaicking: Buades et al. [2009]
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

30 ZZ,Kh V) Ly, 1)

1 -y

Successful application to texture synthesis: Efros and Leung [1999]
.. to image denoising (Non-Local Means): Buades et al. [2006]
.. to image demosaicking: Buades et al. [2009]

Block-Matching with 3D filtering (BM3D) Dabov et al. [2007],
Similar patches are jointly denoised with orthogonal wavelet thresholding
+ several (good) heuristics: = state-of-the-art denoising results, less
artefacts, higher PSNR.
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Non-local Sparse Image Models

@ non-local means: stable estimator. Can fail when there are no
self-similarities.

@ sparse representations: “unique’ patches also admit a sparse
approximation on the learned dictionary. potentially unstable
decompositions.

Improving the stability of sparse decompositions is a current topic of
research in statistics Bach [2008], Meinshausen and Buehlmann [2010].
Mairal et al. [2009b]: Similar patches should admit similar patterns:

[(TTT I

EERERREREEERE

(I T TTT]

Sparsity vs. joint sparsity
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Non-local Sparse Image Models

(I Ty

EERERRRNERERE

(I T TTT]

Sparsity vs. joint sparsity

Joint sparsity is achieved through specific regularizers such as

P
I|A]0,00 £ Z |a'|lo, (not convex, not a norm)

o (2)

P
|Al]1,2 = Z || (convex norm)
i=1
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Non-local Sparse Image Models
Basic scheme for image denoising:
© Cluster patches

A .
5,:{] = ]_,...,H s.t. Hy,—yng §§}7

@ Learn a dictionary with group-sparsity regularization

i " A2
min E

st. Vi) |ly; —Dayl} <e
JES;

© Estimate the final image by averaging the representations

Julien Mairal Sparse Coding and Dictionary Learning
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Non-local Sparse Image Models

Basic scheme for image denoising:
© Cluster patches

A .
Si: {J = 1,...,n s.t. Hy,—yng §§}7

@ Learn a dictionary with group-sparsity regularization

[Aill1,2 :
DECZ |:'5 | s.t. Vi Z ly; — Davjjl|3 < &;
l 1

JES;

© Estimate the final image by averaging the representations
Details:

@ Greedy clustering (linear time) and online learning.

@ Eventually use two passes.

@ Use non-convex regularization for the final reconstruction.
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Non-local Sparse Image Models

Denoising results, synthetic noise

Average PSNR on 10 standard images (higher is better)

o GSM FOE KSvD | BM3D SC LSC LSSC
5 37.05 37.03 37.42 37.62 37.46 37.66 | 37.67
10 33.34 33.11 33.62 34.00 33.76 33.98 | 34.06
15 3131 30.99 31.58 32.05 31.72 31.99 | 32.12
20 29.91 29.62 30.18 30.73 30.29 30.60 | 30.78
25 28.84 28.36 29.10 29.72 29.18 20.52 | 29.74
50 25.66 24.36 25.61 26.38 25.83 26.18 | 26.57
100 22.80 21.36 22.10 23.25 22.46 22,62 | 23.39

Improvement over BM3D is significant only for large values of o.

The comparison is made with GSM (Gaussian Scale Mixture) Portilla
et al. [2003], FOE (Field of Experts) Roth and Black [2005], KSVD Elad
and Aharon [2006] and BM3D Dabov et al. [2007].
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Non-local Sparse Image Models

Denoising results, synthetic noise
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Non-local Sparse Image Models

Denoising results, synthetic noise
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Non-local Sparse Image Models

Demosaicking results, Kodak database

Average PSNR on the Kodak dataset (24 images)

Im.

AP

DL

LPA

SC

LSC

LSSC

Av.

39.21

40.05

40.52

40.88

41.13

41.39

The comparison is made with AP (Alternative Projections) Gunturk

et al. [2002], DL Zhang and Wu [2005] and LPA Paliy et al. [2007] (best

known result on this database).
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Non-local Sparse Image Models

Demosaicking results, Kodak database

More importantly than a PSNR improvement:
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Structured Sparsity
[Jenatton et al., 2009]

Case of general overlapping groups.

When penalizing by the ¢1-¢> norm,

YMllacl, =Y (> )

Geg Geg jeG

@ The £1 norm induces sparsity at the group level:
o Some ag's are set to zero.
@ Inside the groups, the /> norm does not promote sparsity.

@ Intuitively, variables belonging to the same groups are encouraged
to be set to zero together.

@ Optimization via reweighted least-squares, proximal methods, etc. ..
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Examples of set of groups G (1/3)

Selection of contiguous patterns on a sequence, p = 6.

e

@ G is the set of blue groups.

@ Any union of blue groups set to zero leads to the selection of a
contiguous pattern.
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Examples of set of groups G (2/3)

Selection of rectangles on a 2-D grids, p = 25.

@ G is the set of blue/green groups (with their not displayed
complements).

@ Any union of blue/green groups set to zero leads to the selection of
a rectangle.
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Examples of set of groups G (3/3)

Selection of diamond-shaped patterns on a 2-D grids, p = 25.

@ It is possible to extent such settings to 3-D space, or more complex
topologies.
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Hierarchical Norms

[Jenatton, Mairal, Obozinski, and Bach, 2010a]
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A node can be active only if its ancestors are active.

The selected patterns are rooted subtrees.

Optimization via efficient proximal methods (same cost as /1)
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Classical wavelet denoising [Donoho and Johnstone, 1995]:

~|ly-D A
min > ~lly — a3 + Ala.

When D is orthogonal, the solution is obtained via soft-thresholding.

Julien Mairal Sparse Coding and Dictionary Learning



Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Wavelet with hierarchical norm: Add a-priori knowledge that the
coefficients are embedded in a tree.

(h) Barb., o =50, tree
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Benchmark on a database of 12 standard images:

Haar
g 60 lq Qg2 ngo
5 34.48 35.52 35.89 35.79
PSNR 10 || 29.63 30.74 31.40 31.23
25 || 24.44 25.30 26.41 26.14
50 || 21.53 20.42 23.41 23.05
100 || 19.27 19.43 20.97 20.58
5 - 1.04+ .31 | 1.41+ .45 | 1.31 + .41
IPSNR 10 - 1.104+ .22 | 1.76 == .26 | 1.59 + .22
25 - .86+.35 [ 1.96+.22 | 1.69 + .21
50 - 46+ .28 | 1.874+.20 | 1.51 + .20
100 - 154+.23 11.69+.19 | 1.30+.19

Julien Mairal
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Hierarchical Dictionaries
[Jenatton, Mairal, Obozinski, and Bach, 2010a]
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Application to patch reconstrution
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

@ Reconstruction of 100,000 8 x 8 natural images patches

@ Remove randomly subsampled pixels
@ Reconstruct with matrix factorization and structured sparsity

noise| 50 % 60 % 70 % 80 % 90 %

flat |19.3 +0.1/26.8 +0.1|36.7 + 0.1/50.6 4+ 0.0|72.1 £+ 0.

o

tree [18.6 £0.1{25.7 £ 0.1{35.0 + 0.1|48.0 + 0.0|65.9 + 0.

w

80

70

60

50

16 21 31 41 61 81 121 161 181 241 301 321 401
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Hierarchical Topic Models for text corpora
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

@ Each document is modeled through word counts

@ Low-rank matrix factorization of word-document matrix

@ Probabilistic topic models such as Latent Dirichlet Allocation [Blei
et al., 2003]

@ Organise the topics in a tree.

@ Previously approached using non-parametric Bayesian
methods (Hierarchical Chinese Restaurant Process and nested
Dirichlet Process): [Blei et al., 2010]

@ Can we achieve similar performance with simple matrix
factorization formulation?
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Tree of Topics
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layer proof
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fiing p—{ pattern way states
response neurons what [— control
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does reinforcement
probability matrix
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distribution f— t test analog
~models vector experiments | chip
distributions r table implemented
1 performed implementation
optimal |
optimization image
error images
minimum visual
algorithm object
objects
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Classification based on topics

Comparison on predicting newsgroup article subjects

@ 20 newsgroup articles (1425 documents, 13312 words)

Classification Accuracy (%)

100

90

80

70

60

B PCA + SVM
ENMF + SVM
[_ILDA + SVM
I SpDL + SVM
I SpHDL + SVM

3 7 15 31 63
Number of Topics
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Group Lasso + Sparsity

[Sprechmann et al., 2010a]

i nonzero group I:I ZEro A
1

nonzero coefficient '_I "ﬁ

dictionary
———— D ——

X1 X X3] - Xn| = Dl DQ D(: X

Julien Mairal Sparse Coding and Dictionary Learning

08/182



Important messages
@ The /1-norm induces sparsity and shrinks the coefficients
(soft-thresholding)
@ The regularization path of the Lasso is piecewise linear.
@ Learning the dictionary is simple, fast and scalable.

@ Dictionary learning is related to several matrix factorization
problems.

@ Sparsity can be induced at the group level.

@ Structured sparsity opens a whole range of new applications.

Software SPAMS is available for all of this:
www.di.ens.fr/willow/SPAMS/.

Julien Mairal Sparse Coding and Dictionary Learning
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www.di.ens.fr/willow/SPAMS/

Next topics: Computer Vision

@ Intriguing results on the use of dictionary learning for bags of words.
@ Modelling the local appearance of image patches.

@ Preliminary applications of structured sparsity.
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@ mage Processing Applications
© Sparse Linear Models and Dictionary Learning

9 Computer Vision Applications
@ Learning codebooks for image classification
® Modelling the local appearance of image patches
@ Background subtraction with structured sparsity

@ Optimization for sparse methods
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Learning Codebooks for Image Classification

Filtering l l l

| SIFT at keypoints | | dense gradients | | dense SIFT |
Coding J, l J,
| vector quantization | l vector quantization | | sparse coding |
Pooling l l l
| whole image, mean | | coarse grid, mean | |spatia|pyramid, max |

! J

Idea

Replacing Vector Quantization by Learned Dictionaries!
@ unsupervised: [Yang et al., 2009]
@ supervised: [Boureau et al., 2010, Yang et al., 2010]
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Learning Codebooks for Image Classification

Let an image be represented by a set of low-level descriptors y; at NV
locations identified with their indices i =1,..., N.

@ hard-quantization:
p
yi~Daj, a;€{0,1}” and Y aif]=1
j=1
@ soft-quantization:

o Bllyi—dl12

o;lj] =
il P e—Bllyi—dil3

@ sparse coding:

1
y; ~ Daj, «; =argmin §||Yi - DaH% + Az
(87
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Learning Codebooks for Image Classification
Table from Boureau et al. [2010]

Method Caltech-101, 30 training examples 15 Scenes, 100 training examples
Average Pool Max Pool ‘ Average Pool Max Pool
Results with basic features, SIFT extracted each 8 pixels
Hard quantization, linear kernel 51.4 + 0.9 [256] 64.3 + 0.9 [256] 73.9 £ 0.9 [1024] 80.1 + 0.6 [1024]
Hard quantization, intersection kernel | 64.2 = 1.0 [256] (1) 64.3 = 0.9 [256] 80.8 £0.4[256] (1)  80.1 £ 0.6 [1024]
Soft quantization, linear kernel 57.9 + 1.5 [1024] 69.0 £+ 0.8 [256] 75.6 £ 0.5 [1024] 81.4 + 0.6 [1024]
Soft quantization, intersection kernel | 66.1 = 1.2 [512](2) 70.6 = 1.0 [1024] 81.2 +£0.4[1024] (2) 83.0 £0.7 [1024]
Sparse codes, linear kernel 61.3 £ 1.3[1024] 71.5 £ 1.1[1024](3) | 76.9 £ 0.6 [1024] 83.1 4 0.6 [1024] (3)
Sparse codes, intersection kernel 70.3 = 1.3 [1024] 71.8 £1.0[1024] (4) | 83.2 £ 0.4 [1024] 84.1 +£0.5[1024] (4)
Results with macrofeatures and denser SIFT sampling
Hard quantization, linear kernel 55.6 £ 1.6 [256] 70.9 £ 1.0 [1024] 74.0 £ 0.5 [1024] 80.1 £ 0.5 [1024]
Hard quantization, intersection kernel | 68.8 + 1.4 [512] 70.9 = 1.0 [1024] 81.0 £0.5[1024] 80.1 £ 0.5 [1024]
Soft quantization, linear kernel 61.6 £ 1.6 [1024] 71.5 = 1.0 [1024] 76.4 +0.7[1024] 81.5 + 0.4 [1024]
Soft quantization, intersection kernel | 70.1 = 1.3 [1024] 73.2+1.0[1024] 81.8 +£0.4 [1024] 83.0 +£0.4[1024]
Sparse codes, linear kernel 7+1.4[1024] 75.1 £ 0.9 [1024] 78.2 £0.7[1024] 83.6 £ 0.4 [1024]
Sparse codes, intersection kernel .7+ 1.3[1024] 75.7 +1.1[1024] 83.5 4 0.4 [1024] 84.3 + 0.5 [1024]

Unsup Discr
Linear [83.6+04 84.9+0.3
Intersect | 84.3 £0.5 84.7+04

Yang et al. [2009] have won the PASCAL VOC'09 challenge using this
kind of techniques.
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Learning dictionaries with a discriminative cost function

Idea:

Let us consider 2 sets S_, S of signals representing 2 different classes.
Each set should admit a dictionary best adapted to its reconstruction.

Classification procedure for a signal y € R":
min(R*(Ya D*)a R*(yv D+))
where

R*(y,D) = min Iy — Da si. flalo < L.

“Reconstructive” training
{ minp_ Zies, R*(y;,D_)
minD+ Zi65+ R*(yia D+)

[Grosse et al., 2007], [Huang and Aviyente, 2006],
[Sprechmann et al., 2010b] for unsupervised clustering (CVPR '10)
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Learning dictionaries with a discriminative cost function

“Discriminative” training

[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2008a]

Jmin > C()\z,-(R*(y,-,D_)—R*(y,-,D+))),

where z; € {—1,+1} is the label of y;.

N

Logistic regression function
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Learning dictionaries with a discriminative cost function
Examples of dictionaries

Top: reconstructive, Bottom: discriminative, Left: Bicycle, Right:
Background.
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Texture segmentation

Julien Mairal Sparse Coding and Dictionary Learning 109/182



Learning dictionaries with a discriminative cost function
Pixelwise classification
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Learning dictionaries with a discriminative cost function
weakly-supervised pixel classification

Julien Mairal Sparse Coding and Dictionary Learning 111/182



Application to edge detection and classification
[Mairal, Leordeanu, Bach, Hebert, and Ponce, 2008c]
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Application to edge detection and classification
Berkeley segmentation benchmark
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Application to edge detection and classification
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classification
Berkeley segmentation benchmark

1 : : . . ; ;
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Application to edge detection and classification
Contour-based classifier: [Leordeanu, Hebert, and Sukthankar, 2007]

.,

Is there a bike, a motorbike, a car or a person on this
image?
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Application to edge detection and classification

Intput Bike Bottle People
Contours Edge Detector Edge Detector Edge Detector
[ Mr
. ‘J‘\ o
: I o ﬂ\\ /
1 ]
JI |
‘21 =
w Q)v ‘ 1 £
N ety Lo T O A
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Application to edge detection and classification
Performance gain due to the prefiltering

’ Ours + [Leordeanu '07] ‘ [Leordeanu '07] ‘ [Winn '05] ‘
| 96.8% | 894% [ 769% |

Recognition rates for the same experiment as [Winn et al., 2005] on
VOC 2005.

Category | Ours+[Leordeanu '07] | [Leordeanu '07]
Aeroplane 71.9% 61.9%
Boat 67.1% 56.4%
Cat 82.6% 53.4%
Cow 68.7% 59.2%
Horse 76.0% 67%
Motorbike 80.6% 73.6%
Sheep 72.9% 58.4%
Tvmonitor 87.7% 83.8%
[ Average | 75.9% [ 64.2 % |

Recognition performance at equal error rate for 8 classes on a subset of

images from Pascal 07.

Julien Mairal Sparse Coding and Dictionary Learning

118/182



Julien Mairal Sparse Coding and Dictionary Learning 119/182



Julien Mairal Sparse Coding and Dictionary Learning 120/182



Digital Art Authentification
Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic

Given a pair of paintings, Which one is the fake?
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Digital Art Authentification

Data Courtesy of Hugues, Graham, and Rockmore [2009]
Authentic

Fake

Fake

Julien Mairal
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Digital Art Authentification

Data Courtesy of Hugues, Graham, and Rockmore [2009]
Authentic

Authentic

Julien Mairal

[m]
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Background Subtraction

Given a video sequence, how can we remove foreground objects?

video sequence 1 video sequence 2
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Background Subtraction

y = Da + e
~ ~~ ~—
frame linear combination of background frames  error term

Solved by

) 1
min Slly = Da —e[3 + Al + Aori(e).

acRP ecR™

Same idea used by Wright et al. '09 for robust face recognition with

b= 1.

Julien Mairal Sparse Coding and Dictionary Learning 125/182



Background Subtraction

(a) input (b) estimated background (c) foreground, ¢1

(d) foreground, ¢1+struct (e) other example
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Background Subtraction

(c) foreground, ¢1

(d) foreground, ¢1+struct (e) other example
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Important messages

o Learned dictionaries are well adapted to model the local
appearance of images and edges.

@ They can be used to learn dictionaries of SIFT features.

@ New applications coming with structured sparsity?

Julien Mairal Sparse Coding and Dictionary Learning
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Next topics

@ Optimization for solving sparse decomposition problems

@ Optimization for dictionary learning
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@ mage Processing Applications
© Sparse Linear Models and Dictionary Learning
9 Computer Vision Applications

@ Optimization for sparse methods
® Greedy algorithms
@ /1 optimization
@ online dictionary learning

Julien Mairal Sparse Coding and Dictionary Learning
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Recall: The Sparse Decomposition Problem

1

— D A
n;lmgp\\ly alli + M)
sparsity-inducing
regularization

data fitting term

1) induces sparsity in «. It can be
o the £y “pseudo-norm”. |lallo = #{i st. a[i] # 0} (NP-hard)
o the ¢1 norm. |lafls = S°7_, |a[i]| (convex)
° ...

This is a selection problem.
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Finding your way in the sparse coding literature. ..

...is not easy. The literature is vast, redundant, sometimes
confusing and many papers are claiming victory. ..

The main class of methods are
o greedy procedures [Mallat and Zhang, 1993], [Weisberg, 1980]

@ homotopy [Osborne et al., 2000], [Efron et al., 2004],
[Markowitz, 1956]

o soft-thresholding based methods [Fu, 1998], [Daubechies et al.,
2004], [Friedman et al., 2007], [Nesterov, 2007], [Beck and
Teboulle, 2009, ...

o reweighted-f, methods [Daubechies et al., 2009],.. .
@ active-set methods [Roth and Fischer, 2008].

o ...
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Matching Pursuit a = (0,0,0)
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Matching Pursuit a = (0,0,0)

y d,
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Matching Pursuit a = (0,0,0)

Y d,
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Matching Pursuit a = (0,0,0.75)
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Matching Pursuit a = (0,0,0.75)
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Matching Pursuit a = (0,0,0.75)
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Matching Pursuit o = (0,0.24,0.75)
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Matching Pursuit a = (0,0.24,0.75)

y
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Matching Pursuit a = (0,0.24,0.75)

y

Julien Mairal Sparse Coding and Dictionary Learning 141/182



Matching Pursuit o = (0,0.24,0.65)
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Matching Pursuit

i —Dal? st. <L
min [y —Daly st. [alo<
r

1. <0

2: r <y (residual).

while ||aflo < L do

4:  Select the atom with maximum correlation with the residual

w

7 < argmax|d/r|
i=1,....p

5:  Update the residual and the coefficients

afi] « afi]+d]r
r o« r—(d/r)d;

6: end while
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Orthogonal Matching Pursuit a = (0,0,0)
y d r=1
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Orthogonal Matching Pursuit a = (0,0,0.75)
M= {3}
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Orthogonal Matching Pursuit a = (0,0.29,0.63)
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Orthogonal Matching Pursuit

. 2
min —Dal|5 st. ||lallp <L
min_ [y~ Da} st. afo <
1. = @
2. for iter=1,...,L do
3:  Select the atom which most reduces the objective

7 4+ arg min {min ly — Dru{,-}o/H%}
ierc Lo
Update the active set: I < I' U {7}.
5. Update the residual (orthogonal projection)

r < (I - Dr(D{Dr)*D{)y.
6:  Update the coefficients
ar < (DfDr)'Dly.

7: end for
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Orthogonal Matching Pursuit

Contrary to MP, an atom can only be selected one time with OMP. It is,
however, more difficult to implement efficiently. The keys for a good
implementation in the case of a large number of signals are

@ Precompute the Gram matrix G = D7D once in for all,
@ Maintain the computation of D'r for each signal,
@ Maintain a Cholesky decomposition of (D}rDr)_1 for each signal.

The total complexity for decomposing n L-sparse signals of size m with a
dictionary of size p is

O(p*>m) + O(nL®)+ O(n(pm + pL?)) = O(np(m + L?))
—_——— N —

Gram matrix  Cholesky DTr

It is also possible to use the matrix inversion lemma instead of a
Cholesky decomposition (same complexity, but less numerical stability)
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Example with the software SPAMS

Software available at http://www.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;
>> Yextract all patches of I

>> X=im2co0l(I, [8 8],’sliding’);

>> %load a dictionary of size 64 x 256
>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter L to 10
>> param.L=10;

>> alpha=mex0MP (X,D,param) ;

On a 8-cores 2.83Ghz machine: 230000 signals processed per second!
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Optimality conditions of the Lasso
Nonsmooth optimization

Directional derivatives and subgradients are useful tools for studying
{1-decomposition problems:

~|ly-D A
min > ~lly — Da3 + Aoy

In this tutorial, we use the directional derivatives to derive simple
optimality conditions of the Lasso.

For more information on convex analysis and nonsmooth optimization,
see the following books: [Boyd and Vandenberghe, 2004], [Nocedal and
Wright, 2006], [Borwein and Lewis, 2006], [Bonnans et al., 2006],
[Bertsekas, 1999].
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Optimality conditions of the Lasso

Directional derivatives
@ Directional derivative in the direction u at a:

Vi(a,u) = lim flat tu) = f(a)

t—0t t

@ Main idea: in non smooth situations, one may need to look at all
directions u and not simply p independent ones!

@ Proposition 1: if f is differentiable in o, Vf(cx,u) = Vf(a) u.
o Proposition 2: « is optimal iff for all u in R?, Vf(a,u) > 0.
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Optimality conditions of the Lasso

.1 2
min 2y - DalB + Alal:
a* is optimal iff for all u in RP, Vf(a,u) > 0—that is,

—u™D"(y-Da*)+ A > sign(af[Nulil+A D |ui| >0,
i,a*[i]#0 i,a*[i]=0

which is equivalent to the following conditions:

vi—1 d7(y —Da*)] < A o[l =0
r=1...,p, le(y_ Da*) — Aggn(a*[[]) if a*[l] ;é 0
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Homotopy
@ A homotopy method provides a set of solutions indexed by a
parameter.
@ The regularization path (A, a*(\)) for instance!!

@ It can be useful when the path has some “nice” properties
(piecewise linear, piecewise quadratic).

@ LARS [Efron et al., 2004] starts from a trivial solution, and follows
the regularization path of the Lasso, which is is piecewise linear.
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Homotopy, LARS

[Osborne et al., 2000], [Efron et al., 2004]

. d/ (y — Da*)|
Vi=1,...,p, { d7(y — Do)

1

A if a*[/]=0
Asign(a*[i])  if a*[i] #0
(5)

Il IA

The regularization path is piecewise linear:

D{ (y - Dref) = Asign(ay)
af(A) = (D Dr) " (D{'y — Asign(a})) = A+ \B

A simple interpretation of LARS
@ Start from the trivial solution (A = ||DTy| s, @*(\) = 0).
@ Maintain the computations of |[d] (y — Da*()))| for all i.
@ Maintain the computation of the current direction B.

@ Follow the path by reducing A until the next kink.
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Example with the software SPAMS

http://www.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;

>> Jextract all patches of I

>> X=normalize(im2col(I, [8 8],’sliding’));

>> Yload a dictionary of size 64 x 256

>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter lambda to 0.15
>> param.lambda=0.15;

>> alpha=mexLasso(X,D,param);

On a 8-cores 2.83Ghz machine: 77000 signals processed per second!
Note that it can also solve constrained version of the problem. The
complexity is more or less the same as OMP and uses the same tricks
(Cholesky decomposition).
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Coordinate Descent

@ Coordinate descent + nonsmooth objective: WARNING: not
convergent in general

@ Here, the problem is equivalent to a convex smooth optimization
problem with separable constraints

min f||y Dio;+D_ a,||2+)\a+l+)\aT1 st. a_,ay > 0.

a+,a,

@ For this specific problem, coordinate descent is convergent.

@ Supposing ||d;||2 = 1, updating the coordinate i:

) 1 )
afi] < argmin 5|y - > " aljild; —pdi|5 + AlB|
p J#i
r

— sign(d,-Tr)(|d,-Tr\ — )\)Jr

@ = soft-thresholding!
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Example with the software SPAMS

http://www.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;
>> Jextract all patches of I

>> X=normalize(im2col(I, [8 8],’sliding’));
>> Yload a dictionary of size 64 x 256

>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter lambda to 0.15
>> param.lambda=0.15;

>> param.tol=le-2;

>> param.itermax=200;

>> alpha=mexCD(X,D,param) ;

On a 8-cores 2.83Ghz machine: 93000 signals processed per second!
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First-order/proximal methods

min f(a) + AQ(a)

acRP

@ f is strictly convex and differentiable with a Lipshitz gradient.

@ Generalizes the idea of gradient descent

L
o —argmin f () + VF(a®) " (a - ak)+§\|a — a3+ 0Q(a)
acRp

linear approximation i’
quadratic term
1 L1 n A
< arg min §||a —(a" - ZVf(a DIls + ZQ(a)

acRP

When A =0, a**1 «— ak — 1Vf(ak), this is equivalent to a
classical gradient descent step.
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First-order/proximal methods

@ They require solving efficiently the proximal operator

Zu— Q
min >~ B+ AQ(a)

@ For the #/1-norm, this amounts to a soft-thresholding:
o = sign(u;)(u; — \)*

@ There exists accelerated versions based on Nesterov optimal
first-order method (gradient method with “extrapolation”) [Beck
and Teboulle, 2009, Nesterov, 2007, 1983]

@ suited for large-scale experiments.
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Lasso Empirical comparison: Lasso, small scale (n = 200,p = 200)
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Empirical comparison: Lasso, medium scale (n = 2000,p = 10000)
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Empirical comparison: conclusions

Lasso
@ Generic methods very slow
@ LARS fastest in low dimension or for high correlation
@ Proximal methods competitive
@ esp. larger setting with weak corr. + weak reg.

o Coordinate descent

@ Dominated by the LARS
o Would benefit from an offline computation of the matrix

Smooth Losses
@ LARS not available — CD and proximal methods good candidates
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Optimization for Grouped Sparsity

The formulation:

1 )
min, 5”)/ —Dal; + A Z logllq
S—— geg

data fitting term S———
group-sparsity-inducing
regularization

The main class of algorithms for solving grouped-sparsity problems are
@ Greedy approaches
@ Block-coordinate descent

@ Proximal methods
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Optimization for Grouped Sparsity

The proximal operator:

1 )
min Sfu-al3+ A3 gl
geg

For g =2,

u
o == ([uglla—N)", Vgeg
lugll2

For g = oo,
ap =ug — M ,<n[ug], Vgeg

These formula generalize soft-thrsholding to groups of variables. They
are used in block-coordinate descent and proximal algorithms.
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Reweighted />

Let us start from something simple

a’ —2ab+ b*> > 0.

Then
1/a°
a< §<3 + b) with equality iff a=b
and ,
1~ al]’
el = min 5 ; il

The formulation becomes

A = afj]?
min —||Y— a||§+§Z — +
i

,77/>€
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Important messages

@ Greedy methods directly address the NP-hard ¢o-decomposition
problem.

@ Homotopy methods can be extremely efficient for small or
medium-sized problems, or when the solution is very sparse.

@ Coordinate descent provides in general quickly a solution with a
small/medium precision, but gets slower when there is a lot of
correlation in the dictionary.

@ First order methods are very attractive in the large scale setting.

@ Other good alternatives exists, active-set, reweighted ¢, methods,
stochastic variants, variants of OMP,. ..
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Optimization for Dictionary Learning

n

_ 1
min Z—Hy/'—DaiH%‘F)\HaiHl
acRP*M < 2

Dec =1

CE{DeR™P st. Vj=1,...,p, |dj]l» <1}.

o Classical optimization alternates between D and .

o Good results, but very slow!
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Optimization for Dictionary Learning
[Mairal, Bach, Ponce, and Sapiro, 2009a]

Classical formulation of dictionary learning

1 n
[ an = min — / i7D7
gin (B) =i > 1(3.0)
where

A 1
I(x,D) = min, Sly = Dall3 + Al el

Which formulation are we interested in?

min { £(D) = Eyl/(y,D)] ~ lim_ Z/(y,,D)}

[Bottou and Bousquet, 2008]: Online learning can
@ handle potentially infinite or dynamic datasets,

@ be dramatically faster than batch algorithms.
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Optimization for Dictionary Learning

Require: Dy € R™*P (initial dictionary); A € R

1: Ap =0, Bp=0.
2: for t=1,...,T do
3: Draw y;

4:

1
Sparse Coding: a + argmin =|ly: — D¢_1a||3 + A||e|1,
acRP 2

5:  Aggregate sufficient statistics
At < At—l + atatT, Bt < Bt—l + ytoth
6: Dictionary Update (block-coordinate descent)

D: « argminpee 3320, (3llyi - Del + Aleil).  (6)

= arg minp¢c %(% Tr(D'DA;) — Tr(DTBt)). (7)

7: end for
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Optimization for Dictionary Learning

Which guarantees do we have?
Under a few reasonable assumptions,

@ we build a surrogate function f of the expected cost f verifying
Jim £(D¢) — (D) =0,
@ D; is asymptotically close to a stationary point.

Extensions (all implemented in SPAMS)
@ non-negative matrix decompositions.
@ sparse PCA (sparse dictionaries).

o fused-lasso regularizations (piecewise constant dictionaries)
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Optimization for Dictionary Learning
Experimental results, batch vs online

Objective function
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Optimization for Dictionary Learning
Experimental results, batch vs online

Evaluation set B
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