CR12: Statistical Learning & Applications
Algorithms for Clustering

Lecturer: J. Salmon Scribe: A. Alcolei

Setting: given a data set X € R™*P where n is the number of observation and p is the number of features,
we want to separate these data into K classes (clusters), i.e.we want to learn :

1. the centroid (center) of each cluster

2. an assignation function A : {1,...,n} — {1,..., K}, meaning “sample z; belongs to class A()".

Figure 1: A simple representation of the situation (n = 25,p =2, K = 3)

1 The K-means Algorithm

1.1 The Algorithm

The K-means algorithm [1.1] computes K clusters of a input data set, such that the average (squared)
distance from a point to the centre of its cluster, i.e.the inertia, is minimized.

. . .1 K n 2
Theorem. K-means monotonically decreases the inertia o > .y > i ||z — ¢4

Proof. Let p(X®) =1 Zle ST |z, ¢5]1? where X ®) is the current partition Xft), e ,XI(;) with centroids
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Algorithm 1 The K-means Algorithm

Input: a data set X = {z1,...,2,} (z; € RP).

Output: a partition M = {X1,..., Xk} of X together with the centroids ¢y, ...,cx of each cluster.
Initialization: choose ¢, ...,cx in X at random
Repeat until convergence:

eforj=1...Kdo X;+— 0

e assignment step:
fori=1...ndo
A(z;) +— argmin [jz; — ¢;|?
Jje{1,....K}
XA(zi) — X.A(a:i) U {xl}
done

e re-estimation step:
for j=1...K do
nj «— iy Lz € Xj)
Cj < rTl] Z?:l xi]l(sci S Xj)

done
return M, ci,...,cx
t t . . .
cg ). ,C(K) and assignation function A®), then
K
t
QZJ(X(t)) > E E ||£UZ, Cf‘lzprl) ||2 (since A(z;) minimizes the quantity ||x; — cj|\2 over all j € {1,...,K})
=1, cx® @)
J z; EXj
K
t+1
> E E ||.Z‘Z', Cg- + )||2 (since C§t+1) minimizes the quantity ||z; — ¢;||* over all z; € X)
j=1_ (t)
z; GXJ.

> (X D)

Corollary. K-means stops after a finite number of steps.

Proof. There is no infinite sequence of partitions such that the inertia decreases strictly since there is only

a finite number of partitions: Z . Thus the sequence ¥)(X®);ciy has a finite number of values, i.e.there
exists ¢ such that (X ¢+t1D) = (X ®). This implies that at step ¢, X(“t1) = X® otherwise some elements
would be wrongly classified. O
Remark. o The above corollary does not tell anything about how quick the algorithm converges, we

only have an exponential bound: The time needed for the algorithm to converge depend on the

n

k
initialization, some heuristic can be find in the literature to get better result.

o Similarly, the solution found by the algorithm is only a local optimal, since in general the inertia overall
all partitions is not a convex function. The result depends on the initialization. Thus it might be useful
to run the algorithm several times and pick the best result as a final answer.
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o It is possible to parametrize the K-means algorithm for example by changing the way the distance
between two points is measured or by projecting points on random coordinates if the feature space is of
high dimension.

1.2 Kernalised K-means

We change the previous algorithm so as to minimize in the reproducing kernel Hilbert space H associated
to RP? instead of minimizing in RP. Using ¢ : RP — H, the algorithm remains the same except for:

- The initialization step: we choose c1,...,ck in H instead of RP.

- The assignment step: we compute A, € argmin |[p(z;) — c;||* instead of A,, € argmin [|z; — ¢;[°.
el K} el K}

Remark. We do not need to compute explicitly o(x;) for each z; € X, all we need to know are the values
(o), ¢(x;)) for every pair x;,x; € X.

2 Gaussian Mixture and EM Algorithm

2.1 Gaussian maximum likelihood

The density of a Gaussian random variable over RP? is given by

- ex —lx— s —
() = s o (o )5 e =)

where g is the mean of the variable (u € RP) and ¥ is the co-variance matrix (¥ € RP*P). ¥ is positive
definite so rk(X) = p. This formula satisfy the conditions for being a probability distribution:

L Ve e R?, ¢, 5(z) >0
2. fwe]Rp SD;L,Z(IE)dCC =1

2
Example. ep=1%Y=0% u=0: p,x(x)= e’i;;;%) (cf- figure below for different value of o)

ep=2YcR? u= <8), the contour lines are described for all ¢ in R by

{zeR” [ pux(@) =c} ={r R’ | —In(pux(x)) =c} (for  =In(c))

={zeR’| —In <(27r)ijdet(2)> - %(CU*N)Tzil(xfﬂ) =c'}

p P
={z eR" | Z inxjaij +" =0} (for some a;;, ¢ depending on ¥ and c)

i=1 j=1

2
(cf- figures below for ¥ = ( (B ;)2 ) and for general ¥ € R? for different values of c).
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In statistical machine learning we are interested in the following problem: suppose you observe (X1, Xo, ..., X,,) ~

¢u,5, can you estimate p and 37 (iid stands for independent and identically distributed)

Idea: Let ¢, 5(X1,...,X,) = [[7, ¢us(Xi), we want to find (f1,3) € argmax ¢, 5(X1,...,X,). The
7>

quantity ¢, =(X1,...,X,) seen as a function of 4 and ¥ is called the likelihood. The pair (ji, ) is called

the mazimum likelihood.

Example. Forp=1, ¥ =1, we have =1 3" | X;

i=1

— Pu,1 A
— Pi1

// \\

7

Proposition. The empirical mean and the empirical co-variance are good estimators, i.e.
R R I ) -
MZEZX,» and E:EZ(Xi—M)(Xi—M)

Proof. We only show the first equality: Finding (&, ) € argmax ¢, »(X1,...,X,) is equivalent to finding
(1))
(1, %) € argmin [—1In (g, 5(X1,...,X,))] () . Yet, (x) is easier to solve since it involves minimizing over a
[0
sum rather than maximizing over a product :

(*) = arg min
(7))

c+ % tr (Z(Xi —wETH X - u)T> + g : ln(det(E))]

i=1

where c is some constant that does not depend on p or 3.
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Thus, fixing X we get:
1 n
(*) = argmin |- - tr Z(Xi — WS (X )"
" 2 i=1

S (X — p)E Xy — p) T is a convex function of p so its global minimum j is the unique point that

i=1
satisfies:
§ [ e X
5 (Z(Xi ~ I —/N) =0
i=1
This implies that > | S71(X; — 4) =0, that is Y | X; =nfiandso g = 137" | X, O

2.2 Mixture

We refine the model presented above by regarding the density of (Xi,...,X,,) as a mixture of K weighted
gaussian densities, ¢, =, , over RP:

K
(Xq1,...,Xn) ~ flz) = Zwk “@u.x.(x), where my is the weight associated to ¢, s,
k=1

Example. In R? for K =3, m, = % we could have a distribution like the following:

©
5 &

-
(&

Drawing x € RP according to the distribution of the Gaussian mizture f is equivalent as drawing x as follows
(hierarchical way):

1. draw k with probability {m, ..., Tk} over the elements of {1,..., K}

2. draw x € RP according to the distribution associated to k, i.e. according to ¢, s,
The problem of finding the mixture of K Gaussian distributions from a given set of samples (X1,...,X,,)
can be seen as a generalization of the K-means problem where the distance to the centre of a cluster changes

according to the index of the cluster. The Expectation-Maximization algorithm (EM) [2.2] can thus be
viewed as a generalization of the K-means algorithm, where the value to maximize is

0(0) = fo(X1,..., X,) = er<xi>
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We have the same kind of termination property:

Proposition. Let 0*) be the iterates of the EM algorithm and p(6")) be their corresponding inertia, then
v, (80HD) > o(8M).

Proof. We do not give a complete proof here. The idea is the following: since maximizing over the like-
lihood ¢(0) = fo(Xy,...,X,) is hard, we instead maximize over the log-likelihood L(6) = In(¢(8)) =
S In(fo(X;)). This is still hard to evaluate except if we knew from which Gaussian density inside
the Gaussian mixture each X; was drawn out. Thus for each ¢ € {1,...,n} we define z; to be the hid-
den random variable that indicates whether X; is drawn from the j** Gaussian density, with probabil-

ity pij (Zjil pi; = 1), and we try to maximize the parametrized log likelihood L(0,(pij) 1<i<a ) =
1<K
K
YicIn (Zj:l L= - fo, (XZ)) 0
Remark. e once again the answer provided by the EM algorithm is only a local optimum and depends
on the initialization.
e In practice, the EM algorithm is used for recovering missing or incomplete data.
Algorithm 2 The Expectation-Maximization Algorithm
Input: a data set X = {x1,...,2,} (z; € RP).
Tlyee oy TK
Output: 6 := | p1,...,ux |, aset of weights and Gaussian densities that locally maximize the probability
1,0, 2K
of the z;’s being drawn from the corresponding Gaussian mixture fy(x) = Zszl T Pup,5e (T)-
Tlyee oy TK
Initialization: choose 6 := | p1,...,ux | at random.
Y1, 8K

Let p; 1 be the probability that z; is coming from the kth class.
Repeat until convergence:

e estimation step:
fori=1...nfor j=1...K do

WRATR, (x4) (
fo(xi)

o T Puj. S (17) )

e =
Pik Zi{:l Th g, 5y, (T4)

done

e maximization step:
for j=1...K do

. 1 n ..
T o > i1 Dij

2 i1 PiiTi
VR E S ATV k)
H 21 Pi

.
S pig(Ti—pg) (Ti—py)
i1 Pig

O'j(—
done

return M, ci,...,cx




