Shape Gradients for Histogram Segmentation using Active Contours
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Abstract according to some velocity field which can be thought of as
a descent direction of the energy criterion. Given a closed
We consider the problem of image segmentation us-curve enclosing an initial region, one then computes the so-
ing active contours through the minimization of an energy lution of this PDE for this initial condition. The correspond-
criterion involving both region and boundary functionals. ing family of curves decreases the energy criterion and con-
These functionals are derived through a shape derivative verges toward a (local) minimum of the criterion hopefully
approach instead of classical calculus of variation. The corresponding to the objects to be segmented.
equations can be elegantly derived without converting the  Originally, snakes [1], balloons [2] or geodesic active
region integrals into boundary integrals. From the deriva- contours [3] are driven towards the edges of an image
tive, we deduce the evolution equation of an active contourthrough the minimization of a boundary integral of fea-
that makes it evolve towards a minimum of the criterion. tures depending on edges. Active contours driven by the
We focus more particularly on statistical features globally minimization of region functionals in addition to boundary
attached to the region and especially to the probability den- functionals have appeared later. Introduced by [4] and [5],
sity functions of image features such as the color histogramthey have been further developed in [6, 7, 8, 9, 10, 11, 12].
of a region. A theoretical framework is set for the minimiza- In effect, the use of active contours for the optimization of
tion of the distance between two histograms for matching a criterion including both region and boundary functionals
or tracking purposes. An application of this framework to appears to be powerful.
the segmentation of color histograms in video sequences is However, the PDE computation is not trivial when the
then proposed. We briefly describe our numerical schemeenergy criterion involves region functionals. This is mostly
and show some experimental results. due to the fact that the set of image regions does not have a
structure of vector space, preventing us to use in a straight-
forward fashion gradient descent methods. To circumvent
1 Introduction this problem, many methods have been proposed in the lit-
erature. Some authors do not compute the theoretical ex-
pression of the velocity field (basically the gradient of the
energy criterion) but choose a deformation of the curve that
will make the criterion decrease [7, 8] (they compute a di-
rection of descent). Other authors [6, 10] compute the the-
oretical expression of the velocity vector from the Euler-
Lagrange equations. First, region integrals are transformed
into boundary integrals using the Green-Riemann theorem.
%econd, the corresponding Euler-Lagrange equations are
*This work was supported by France Telecom R&D grants nb 0118c22 derived, and used to define a dynamic scheme to evolve the
and 021B406 initial region. Another alternative is to compute the gra-

Active contours are powerful tools for image and video
segmentation or tracking. They can be formulated in the
framework of variational methods. The basic principle is
to construct a PDE (Partial Differential Equation) from an
energy criterion, including usually both region and bound-
ary functionals, by computing some sort of Euler-Lagrange
equations; this PDE changes the shape of the current curv
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dient directly from the region formulation without reducing functionals. The basic idea is to derive a Partial Differential
it to boundary integrals. In [13], a level set formulation is Equation (PDE) that will drive the boundary of an initial
introduced directly in the criterion and in [11], the authors region towards a local minimum of the error criterion. The
propose to compute the derivative of the criterion while tak- key point is to compute the velocity vector at each point of
ing into account the discontinuities across the contour. Inthe boundary at each time instant.

[14, 15, 16] the computation of the evolution equation is  To fix ideas, in the two-dimensional case, the evolving
achieved through shape derivation principles. boundary, or active contour, is modeled by a parametric
This computation becomes more involved when global curveI'(s,7) = (z1(s,7),z2(s,7)), wheres may be its
information about regions is present in the energy criterion, arc-length and- is an evolution parameter, the time. The
the so-called region-dependent case. It happens when staactive contour is then driven by the following PDE:

tistical features of a region such as, for example, the mean ar
or the variance of the intensity, are involved in the mini- r, & (5,7) _ v with T(r = 0) = T,

mization. Some region-dependent features have been suc- or

cessfully usedin [13, 11, 12, 17] for segmentation and clas-\yherer, is an initial curve defined by the user amcthe
sification. In [14, 15, 16] we propose a general framework ye|ocity vector ofI'(s,7). This velocity is the unknown
based on shape derivation tools for the computation of theihat must be derived from the error criterion so that the so-
related evolution equation. lution T'(.,7) converges towards a curve achieving a local
In this article, we first recall shape derivation principles minimum and thus, hopefully, towards the boundary of the
to construct the evolution equation from the energy crite- gpject to be segmented, as— co.
rion including both region and boundary functionals. We | et us now define more precisely the region and bound-
then turn our attention to statistical region-based functionalsary functionals. Let/ be a class of domains (open, regular
based on probability density functions of image features. In phoynded sets, i.eC?) of R*, andQ an element o/ of
[17], such features have been used to maximize the mUtuaboundaryBQ, which we sometimes dencle A boundary

information between a binary region label and the intensity fynctional,.J,, may be expressed as a boundary integral of
value, for nonparametric segmentation. We propose heresome scalar functiop of image features:

an energy criterion that minimizes the distance between the

probability density functions of the current region and the .
reference one, and we consider regions tracking or match- To(09) = [ 9(x) da(x) (@)
ing applications. The shape derivation tools allow us to o0

easily derive the velocity field that defines the evolution of \yneredq is the boundary of the region aw its area ele-

the region boundary. The global evolution equation is then nent, The derivation of this boundary functional is classical
given for first and second order histograms. This theoretical [3, 18] and leads to the following velocity vector:

framework can be applied to the problem of region segmen-

tation using a given reference color histogram in a sequence vy = [g(x)k — Vg(x) - N]N

of images. The region defined by the active contour evolves

so that the distance between the current region histogranwhereN is the inward unit normal vector df and « its

and the reference one decreases, allowing us to segment th@ean curvature. The idea is to use a local parametrization

region of interest. Experimental results are provided includ- of T' to reduce (1) to a standard problem in the calculus of

ing the visualization of the evolution of region histograms Vvariations.

during the propagation of the curve. A region functional,J,., may be expressed as an integral,
Region and boundary functionals are presented in secin a domainQ of ¢, of some functionf of some region

tion 2 while shape derivation tools are presented in sectionfeatures:

3. The theoretical framework for the minimization of region J.(Q) = /f(x, 0)dx 2)

functionals involving the distance between probability den- e

sity functions is set in section 4. The application to region

segmentation on videos using color histograms is detailed

in section 5.

In that case, the computation of the velocity vector is not as
easy since the set of image regions does not have a struc-
ture of vector space. Moreover, the scalar functfan (2)
is generally region-dependent. This dependency on the re-
2 Problem Statement gion must be taken into account when searching for a local
minimum of the functional.

In many image processing problems, the issue is to find  In the literature, the classical approach is based upon the
a set of image regions that minimize a given error criterion. idea of transforming all functionals into boundary function-
This criterion is often a combination of region and boundary als thereby reducing (through a local parametrization of the
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boundary) the problem of minimization to a standard prob- Definition 1 F'is Gateaux differentiable with respect
lem in the calculus of variations from which the computa- if and only if F' is Gateaux differentiable with respect o

tion of the Gateaux derivatives follows. We propose here an|. order to compute Gateaux derivatives with respect to

approach based upon the use of shape derivation t0(_)ls an% we introduce a family of deformatiofT’(r)),>o such
we study the case of region-dependent features. We first rehat T(r) € Aforr > 0, T(0) = Id, andT() €

call pnnupleg of shape derivation and we the_n apply thesecl([(],A]; Whoo(Q, R7), A > 0,
tools whenf is a region-dependent function involving re- . i
. : For a pointx € €2, we denote:
gion histograms.
Note that we propose a comparison between calculus of x(t) =T(r,x) with T(0,x)=x
variation and shape derivation tools for the computation of Q) =T(r,Q) with T(0,Q)=Q
the velocity vector in [16]. Also note that we could have

added a dependency gbn 99, see [19] for details. Let us now define the velocity vector fieM corresponding
’ toT'(r) as

3 Computation of the derivative using shape V(r,x) = g—T(T= x) Vx€Q Vr>0

derivation tools

3.2 Computation of the derivative
In this part, we propose to introduce shape derivation
tools [20, 21] for the computation of the derivative. We now introduce two main definitions:

Since the set of all image regions, namilyis not a vec- Definition 2 The Gateaux derivative of J,(Q) =

tpr space, it is difficult to compute the_ derivative of the crite- J F(x,2)dx in the direction ofV, noted< J(2),V >,
rion with respect to the domai. To circumvent this prob- is equal to:

lem, shape derivation methods propose to apply a family of

transformationd, indexed by a real parameter> 0, to < J(Q),V >= lim Jr (7)) — J-(2)

Q, Q(r) = T(Q). The region functional becomes a func- T—0 T

tion of 7, J(r) &/ J(Q(r)). The error criterionj(r) is ~ Definition 3 The shape derivative off(x,), noted
then derived with respect tousing shape derivation princi- /s (x,9,V), is equal to:

ples. Let us introduce the transformations and recall a theo- _f(x, Q1) = f(x,9)

rem giving relation between derivatives that will be helpful fs(x,Q,V) = }lj}b p
for derivation of region functionals.

3.2.1 Relation between the Gteaux derivative and the
3.1 Introduction of transformations shape derivative

The following theorem gives a relation between the Gateaux
the region functional (2) is difficult since the set of regular derivative and the shape derivative for the region functional

domains (regular open bounded sét)f R™ does not have ).

the structure of a vector space. Variations of a domain mustTheorem 1 The Giteaux derivative of the functional
then be defined in some way. Let us consider a reference/-(2) = [ f(x, ) dx in the direction ofV is the follow-
domainQ € & and the se#4 of applicationsl" : @ — R, @

which are at least as regular as homeomorphisms (i.e. one

As it has already been pointed out, the optimization of

to one withT andT~! continuous). We define < JL(Q),V >=
A= {T onetooneT, T~ € W@, R")} / F2(x, 9, V)dx — / £(x, Q)(V(x) - N(x))da(x)
Q o0
where:

where N is the unit inward normal t®{2 and da its area

Wheo(Q,R") = {T : @ — R" such that element.

T € L®(Q,R") andd;,T € L®(Q,R"), i =1,--- ,n} The prpof can be found in [20 21]. Note that Theorem
1 provides a necessary condition for a dom&ino be an
extremum ofJ (Q):

/ £a(%, 9, V)dx— / £, 9)(V(%)N(x)) da(x) = 0¥V.
Q a0

Given a shape functiof : &/ — R+, for T € A, let us de-
fine F(T) = F(T()). The key point is thal¥’1:>°(Q, R")

is a Banach space. This allows us to define the notion of
derivative with respect to the domdihas follows:
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3.3 Computation of the evolution equation of an
active contour

We now make good use of the previous results to derive
the velocity vector of the active contour.

3.3.1 Region-independent features

We first consider the simple case where the funcfiaioes
not depend o), i.e. f = f(x). In that case, the shape
derivative f, is equal to zero and the Gateaux derivative of
Jr is simply (Theorem 1):

/f

This leads to the following evolution equation for region-
independent descriptors:

< JL(Q ) - N(x))da(x)

T, = fN with T(r=0)=T,.

This is the classical result [6, 9] whehhas no region de-
pendency. Let us now consider the more general case wher
the functionf has some region dependency.

3.3.2 General case

As far as the general case is considered, we have to

express the domain integral of the shape derivative, i.e.
Jo Fs(x, (2, V)dx, as a boundary integral which makes ap-
pear the normal velocityV - N). In order to do so, we can
model the region featurg as a linear combination of do-
main integrals as it has been done in [15], which is suitable

for many region features such as functions of the mean or
of the variance. In this case, using Theorem 1, the Gateaux

derivative in the direction oV of the functionalJ, defined
in (2) is:

< J(N),V >=
oo

where A(x, ) are some terms coming from the depen-
dency on the region of whose expression is given in [15].
This leads to the following evolution equation for region-
dependent descriptors:

0) +f(x,9)) (V(x) - N(x))da(x)

I, =(A+ f)N with T'(r=0) =T,.

In this article, we extend the computation of the evolution
equation fo region-based functiofisiepending on eontin-
uousfamily of region criteria. We more particularly focus
on the minimization of the distance between regions proba-

bility density functions.

4 Matching histograms

A natural way of generalizing the use of statistical im-
age feature for image segmentation is to consider the full
probability distribution of the feature of interest within the
region, e.g. intensity, color, texture, etc...It turns out that
in attempting to do so, one is naturally led to extend the
criterion (2) to the case where the functiprdepends on a
continuoudamily of region criteria.

4.1 Histograms estimation

Consider a functioth : R® — R™ which describes the
feature of interest. Suppose we have learnt the probability
density function (pdf) of the featude within the image re-
gion of interest, and lej(c) be this pdf. Given a regiofl,
we can estimate the pdf of the featdrehrough the use of
the Parzen method [22]: lgt: R™ — Rt be the Parzen
window, a smooth positive function whose integral is equal
to 1. For the sake of simplicity but without loss of gener-
ality, we assume that is anm-dimensional Gaussian with
g-mean and varianeg?, we note

@) = 9,(0) = G—eon(= 5o,
and we define
i(e, Q) = ﬁ /Q g0 (h(x) — a) dx,

whereh(x) is the value of the feature of interest at the point
x of Q andK is a normalizing constant, in general depend-
ing of Q, such thatfp,,, §(c, Q) do = 1. Therefore

= [ | antti

4.2 Minimizing distance between histograms

—a)dadx =| Q|

We next assume that we have a functjpnR* x Rt —
Rt which allows us to compare two pdfs. This function is
small if the pdfs are similar and large otherwise. It allows
us to introduce the following functional which represents
the "distance” between the current histografex, 2) and
the reference ong(a):

| el ).4(c0) do
The distance can be the Hellinger distance:

e(G(a, ), = (Vi(a,Q) — Vq(a))?

or the non symmetric chi-2 comparison function:

(§(a, Q) — g(@))?
q(a) '

D(®) 3)

e(d(a, ), q()) =

TEEE .2
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Using the tools developed in section 3, we compute the The first integral on the right-hand side is the convolution
Gateaux derivative of the functional. We have the Ae(4(.),q(.)) * g, of the functiond; p(4(.), ¢(.)) : R™ —

o o R with the functiong,,. The final result is
Theorem 2 The Gateaux derivative in the directioN of

the functionalD defined in (3) is: <D'(Q),V>=
< D'(Q),V >= ~ a7 ] @ue(a0).a0) » 90 (b)) (V - N
1 r
—to7 /| & )*90(h(x))-C(2) ) (V-N)da(x),
9 F/ (neta ? ) - / @)V -N)da(x)],
whereC(Q) = [on. O19(i(e,Q),¢(a))d(c, Q) da and whereC/(@) = [.... dyp(d(a, ), q(a))i(a, Q) da O

Ae(.,.) the partial derivative ofp(r,.) according to the
first variabler.
4.3 Generalization to second order histograms

Proof :
By definition of D we have A further generalization of the previous case is to con-
sider second order histograms which describe the proba-
<D'(Q),V >= / < (¢(§(a, ), qg(a))), V > da bility of having the valuex; at pixelx and the valuex,
m at pixelx + &, whereé is a fixed (usually small) vector
Let us compute the Gateaux derivatives(c, Q), ¢(c)). of R™. This has been used very much in computer vision
We define; for analysing textures [23]. The corresponding pdf, noted
gs (a1, a) can be estimated with the same Parzen window
0(G(a, ), q(a)) = [f(Gi(a,),G2(Q)) technique. We define
where: ds(a1,as,Q) =
1
Gi(a,Q) = /Q 9o (h(x) — @) dx (@) /Q 9o (h(x) — a1)gs (h(x + 8) — @) dx,
Hi(a,x) = g,(h(x)—a) The normalizing constarit’s (2) is given by
Ga(Q) = |0 |:/ dx
Q
. —ay)gs (h(x+0)—az) day day dx
We obtain: / /mXRm 1)90 (h( )—az) do dex

<V S= fo, <GV > +fa, < Gy V >= And s0,K5(Q2) =| Q |. We therefore define

81(10(6((!7 Q)7q(a)) (< GII,V > —(j(a,Q) < GIQ,V >) , D&(Q) = / (P((ja(al;a% Q)aq5(a1;a2)) dal da2
| Q | R™xR™ ( )
4

and, using Theorem 1: For second-order histograms we have the

<V >= Theorem 3 The Gateaux derivative in the directioN of
the functionalDs defined in (4) is:
_01p(4(e, ),

| €]

1D [ (@) - e, @) (VN)da() )
. <Ds<m,v>=—m[—/ca(n))<v-N>da<x)+
r

Plugging this result into the expression<of D'(2),V >

and swapping the order of integration, we obtain / (61go((j5(), q50))*(9,29,) (h(x), h(x+6))) (V-N)da(x)|,
<D'(Q),V >= '
where: Cjs(Q) = / D10(is (), 45 ())ds ) dous des
- / [ 90 — @)1l D). 4(00) e
andg, ® go (o, 02) = go(a1) go(az).
~ /. 01o(4(a,Q),q(a))j(a, Q) da) (V- N)da(x) Proof : The proof is identical to that of Theorem ZJ
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5 Color histograms: segmentation of regions  Similar results hold fof°:
in video sequences
D'(Q°),V >=
This work has been motivated by [24, 25] where the 8
tracking algorithms take benefit of statistical color ditribu- | Q¢ | / 1e(d
tions. We propose here to use active contours in order to fit
exactly the shape of the object to be segmented. We con-
sider a video sequence where each frame is represented by C(Q°) = / O019(4(e, %), ¢ () §(e, Q%) dex . (7)
the color functionh : R2 — R2. The color space used Bm
is (H, V) whereH stands for the hue arid for the valué.

The goal is to segment a reference region, given in the previ-computation of the evolution equation of an active con-
ous image of the sequence, into the current one by minimiz-tour It is well known that the minimization of the curve
ing the distance between the reference histoggamhthe  |ength leads to the Euclidean curve shortening flaw
region in the previous image and the estimated histogram [3, 18]. Then, from the previous derivatives, we can deduce

in the current frame. From an initial curve chosen by the the evolution of an active contour that will evolve towards
user in the current frame, we want to make an active con-a minimum of the criterion/ defined in (5). We find the

tour evolve towards the region in the current frame whose fo|lowing evolution equation:

histogram is closest to the reference histogram of the previ-

ous frame. I, =FN (8)
In order to introduce a competition between the region

of interest and the background region, we also consider the

¢°(-))*gs (h(x))—C(Q)) (V-N)ds,

c i i . 1 .
complement2® of the regmrﬂ of mteres_t. _The_y share t_he with F= — (61<p(q(., Q), q(.))*gg(h(x))—C(Q))
same boundani, but with normals pointing in opposite | Q|
directions. We notg® the reference histogram 6f° and 1 o e R
we look for the regior2 which minimizes the following Q] (BW( (- 2, ¢°())xg, (b)) -C(O )) Tax
criterior?:

wherek is the curvature of' andC(Q2), C(Q2°) are given
J(Q) = D(Q) + D(Q°) + )\/ ds (5) by equations (6) and (7), respectively.
r Let us take the example of the Hellinger distance, where
In this criterion, the first two terms are region function- Oup(r; &) = (v — /q(a)) /7, we find for the velocity

als while the last one is a boundary functionals. The last vector.
one minimizes the curve length and is a regularization term Yoy I~
weighted by the positive parameterWe have of course: F = )\,ﬁ_' (12 | (( 0 . g(h(x))—C(Q))
a\.,
D(Q) = i(a, ), d 1 q(.,Q¢) —v/q°(. .
@) = [ elite.9).q) da - (TS ) -010)

We note that, for each region, two terms appear in the ve-
locity, a local one that compares the two histograms for the
Computation of the Gateaux derivative A straightfor- intensity of the current poirli(x) and a global on€'(Q).

ward application of Theorem 2 yields

5.1 Implementation

1 A As far as the numerical implementation is concerned, we
—m/ (01<P a(-,2),4())*gs (h(x))=C(Q)) (V-N)ds,  yse the level set method approach first proposed by Osher
r and Sethian [26] and applied to active contours in [27]. The
key idea of the level set method is to introduce an auxiliary
with: C(Q) = / d1¢(4(a, ), q(a))g(a, V) do . (6) functionU(x, 7) such thafl'(7) is the zero level set df .
The functionU is often chosen to be the signed distance
function of T'(7). The evolution equation (8) then becomes:

1we ignore the saturation to avoid the curse of dimensionality.
2The results are even better if we introduce the region area in the crite- oU (T)
rion by minimizing D(£2)|©2| + D(Q°)|Q¢| + Asf}. d . or FIVU]. ©))
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(0,0) Hy

The velocity functionF' is computed only on the cunigr)

but we can extend its expression to the whole image domain
Q. To implement the level set method, solutions must be
found to circumvent problems coming from the fact that the
signed distance functioli is not a solution of the PDE (9);
see [28] for details. In our work, the functi@his reinitial-

ized so that it remains a distance function.

5.2 Experimental results

Experimental results have been obtained on the sequenc ==~
“Erik” from the European group COST211. o

Experiments are conducted using the chi-2 comparisol: oo
fucntion withp(re) = (r—q(a)) %/q(a) anddyp(r, ) = oo ;
or — qfedd) Ll

The region of interest is the face. We assume that it ha T
been segmented in the first image as shown in Fig.1.a. The
first two reference histograms are computed. These two his- (C) Background reference  (d) Object reference
tograms are represented in Fig.1.b using different colors for
each of the two regions. The reference histogram for the
face,q, is represented in red using an intensity depending on
the value of the probability density function, while the ref-
erence histogram for the backgrougél, is shown in green.
The two reference histograms are also given Fig.1.c for the
background reference histografhand Fig.1.d for the ob-
ject reference histograng, For a given regiorf2, and for

Figure 1. The reference segmentation of the previous
frame (a), the two reference histograms,in red for the
face, andg® in green for the background (b), the corre-
sponding background reference histografn(c) and the
corresponding object reference histograia).

a pointa = [ay, as]7, the function(c, ) represents the The final part of the paper has been devoted to an ap-
probability to obtainH (x) = ; andV(x) & » for x plication of the previous methods to the problem of region
belonging to the regiof. segmentation with a given color histogram in a sequence of

images. Our experimental results show that the technique

Then, using the two reference histograms of the previous : - _ X
has indeed some interesting potentials.

frame, we make the active contour evolve using equation (8)
in the current frame. The initial curve is chosen to be a cir-
cle. The evolution of the active contour in the current frame References
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