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Abstract

A framework for solving variational problemsand partial
differentialequationghat definemapsonto a given generic
manifoldis introducedin this paper We discussthe frame-
work for arbitrarytarget manifolds,while the domainman-
ifold problemwasaddressedh [3]. Thekey ideais to im-
plicitly representhe tagetmanifold asthe zerolevel-setof
ahigherdimensionafunction,andthenimplementheequa-
tionsin the Cartesiancoordinatesystemwherethis embed-
ding functionis defined.In the caseof variationalproblems,
we restrictthe searchof the minimizing mapto the classof
mapswhosetarget is the level-setof interest. In the case
of partial differential equations,we re-write all the equa-
tion’s geometriccharacteristicsvith respecto the implici-
tationfunction. We thenobtaina setof equationghatwhile
definedonthewholeEuclidearspaceareintrinsicto theim-
plicitly definedtargetmanifoldandmapintoit. This permits
the useof classicahumericaltechniquesn Cartesiargrids,
regardles®of thegeometryof thetargetmanifold. Theexten-
sionto opensurfacesand submanifoldds addressedh this
paperaswell. In the latter case the submanifoldis defined
asthe intersectionof two higherdimensionalsurfaces,and
all the computationsare restrictedto this intersection. Ex-
amplesof the applicationsof the framework heredescribed
include harmonicmapsin liquid crystals,wherethe tarmget
manifoldis anhypersphereprobability maps wherethetar-
getmanifoldis anhyperplanechromaenhancementgxture
mapping;andgeneralgeometricmappingbetweenhigh di-
mensionakurfaces.
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In a numberof applicationsin mathematicaphysics,im-
age processing,computergraphics,and medical imaging,
we haveto solve variationalproblemsandpartialdifferential
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equationgefinedon a generalmanifold M (domainmani-
fold), which mapthe dataonto anothergeneralmanifold A/
(target manifold. Thatis, we dealwith mapsfrom M to
N. Whenthesemanifoldsarefor examplethreedimensional
surfaces,the implementatiorof the correspondingyradient
descentlow or thegivenPDE'sis considerablyelaborateln
[3] we have shovn how to addresghis problemfor general
domainmanifolds,while restrictingthe target manifolds N/
to the trivial casef the Euclideanspaceor hyperspheres
(this framework hasbeenfollowedfor examplein [2]). The
key ideawasto implicitly representhe domainsurfaceas
the (zero)level-setof a higherdimensionafunction ¢, and
thensolvethePDEin the Cartesiarcoordinatesystemwhich
containsthe domainof this new embeddingunction. The
techniquavasjustifiedanddemonstrateh [3]. It is thegoal
of this paper(see[18] for detailsandproofs),to shav how
to work with generaltarget manifolds,and not just hyper
planesor hyperspheresaspreviously reportedin thelitera-
ture. Inspiredby [3], we alsoembedhetargetmanifold V" as
the (zero)level-setof a higherdimensionafunction. That
is, whensolvingthe gradientdescentlow (or in generalthe
PDE), we guaranteghat the maprecevesits valueson the
zerolevel-setof ¢). The mapis definedon the whole space,
althoughit neverrecevesvaluesoutsideof thislevel-set.Ex-
amplesof applicationsof this framework include harmonic
mapsin liquid crystals(\ is an hyperspherend 3D sur
facewarping[26]. In thislastcasethebasicideais to find a
smoothmapbetweerntwo givensurfaces.Dueto thelack of
thenew frameaworksintroducechereandin [3], this problem
is generallyaddressedn the literature after an intermedi-
atemappingof the surfacesontothe planeis performed(see
also[14, 28]). With thesenovel frameaworks,directthreedi-
mensionaimapscanbe computedwithout ary intermediate
mapping therebyeliminatingtheir correspondingieometric
distortions[19]. For this application,asin [26], boundary
conditionsare needed.and how to addthemto the frame-
worksintroducechereandin [3] is addresseth [19].
Tointroducetheideas,n this papemwe concentrat®n flat
domainmanifolds! Whencombiningthis framework with

1For completenessye will presentthe generalequationsfor both



the resultson [3], we canof coursework with generaldo-
mainsandthencompletelyavoid otherpopularsurfacerep-
resentationglik e triangulatedsurfaces.We arethenableto
work with intrinsic equationsjn Euclideanspaceand with
classicalnumericson Cartesiargrids, regardlessof the ge-
ometryof theinvolveddomainandtarget manifolds. In ad-
dition to presentinghe generaltheory we alsoaddresghe
problemof target submanifoldsand opensurfaces.A num-
berof theoreticaresultscomplementhealgorithmicframe-
work heredescribed.

For illustration purposesnly, the proposedrameawork is
presentedor classicabquationgrom thetheoryof harmonic
maps.Thetechniquecaneasilybeextendedo generakqua-
tions,asit will beclearfrom the developmentdbelow.

1.1 Why implicit representations?

Let usconcludehisintroductiondescribinghemainadvan-
tagesof working with implicit representatiomvhendealing
with PDE’s andvariationalproblems.

Theimplicit representatioof surfaceshereintroducedor
solvingvariationalproblemsandPDE’sis inspiredin partby
thelevel-setwork of OsherandSethianf20]. Thiswork, and

thosethatfollowedit, shavedtheimportanceof representing

deformingsurfacesaslevel-setsof functionswith higherdi-
mensionaldomains pbtainingmorerobustandaccuratenu-
mericalalgorithms(andtopologicalfreedom).Note that, in
contrastwith the level-setapproachof Osherand Sethian,
our target manifold is fixed, what is “deforming” is the
datasebeingmappedntoit.

Solving PDE’s andvariationalproblemswith polynomial
meshesnvolvesthe non-trivial discretizationof the equa-
tions in generalpolygonal grids, as well as the difficult
numericalcomputationof other quantitieslike projections
ontothe discretizedsurface(whencomputinggradientsand
Laplaciansfor example). Although the useof triangulated
surfaceds quitepopular thereis still noconsensusnhow to
computesimpledifferentialcharacteristicsuchastangents,
normals,principal directions,and curvatures. On the other
hand.,it is widely acceptedhat computingtheseobjectsfor
iso-surbcegqimplicit representations$ straightforvardand
muchmoreaccurateandrobust. This problembecomegven
more significantwhen we not only have to computethese
first andsecondorder differential characteristicef the sur
face, but also have to usethem to solve variational prob-
lemsand PDE's for datadefinedon the surface. Note also
thatworking with polygonalrepresentationis dimensional-
ity dependentand solving theseequationgor high dimen-
sional(> 2) surfacesbecomesvenmorechallenging.

Our framework of implicit representationsnablesus to
perform all the computationson the Cartesiangrid corre-
spondingto the embeddingfunction. Thesecomputations
are,neverthelessintrinsic to the surface. Advantage®f us-
ing Cartesiargrid insteadof a triangulatedneshincludethe

genericdomainandtarget manifoldsat the end of the paper Theseequa-
tionsareeasilyderivedfrom [3] andthework presentedhn this paper

availability of well studiednumericaltechniqueswith accu-
rateerrormeasuresndthetopologicalflexibility of thesur
face,all leadingto simple,accuraterobustandelegantim-
plementationsThe approachs dimensionalityindependent
aswell. As mentionedabove, problemssuchas 3D shape
warpingvia PDE’s couldnot be addresse@withoutinterme-
diateprojections)without the frameawork hereproposed.

Numericalschemeshatsolve gradientdescenflows and
PDE’s ontogenerictargetmanifolds N (andspheresr sur
facesin particular)will, in generalmove the pointsoutside
of A/ dueto numericalerrors. The pointswill thenneedto
be projectedback? seefor example[1, 6] for the caseof N/
beinga sphergwherethe projectionis trivial, justanormal-
ization). For generatargetmanifolds,this projectionmeans
thatfor every pointp € IR? (V' C IR?) we needto know the
closestpoint to p in A/. This meansknowing the distance
from every pointp € IR? to NV (or at leastall pointsin a
bandof A). Thisis nothingelsethananimplicit representa-
tion of the target A/, beingthe particularembeddingn this
casea distancefunction. This presentsan additionaljustifi-
cationfor the framework hereintroduced thatis, if theem-
beddingfunctionfor thesurfacehasto becomputedaryway;,
why notuseit from thebeginningif it helpsin thenumerical
computations?

In a numberof applications,surfacesare alreadygiven
in implicit form, e.g., [4], therefore,the framework in-
troducedin this paperis not only simple and robust, but
it is also naturalin thoseapplications. Moreover, in the
state-of-the-areand most commonly usedpackagedo ob-
tain 3D models from range data, the algorithms output
an implicit (distance)function (see for example graph-
ics.stanford.edu/projects/mich/fDn the otherhand,not all
surfaces(manifolds) are originally representedn implicit
form. Whenthe target manifold A/ is simple, like hyper
spheresn the caseof liquid crystals,the implicitation pro-
cessis trivial. For genericsurfaceswe needto applyanal-
gorithmthattransformghegivenexplicit representatiomto
animplicit one. Although this is still a very active areaof
researchmary very goodalgorithmshave beendeveloped,
e.g.,[8, 11, 16, 27]. Note that this translationneedsto be
doneonly oncefor ary surface.Notealsothatfor rendering,
thevolumetricdatacanbeuseddirectly, withouttheneedfor
anintermediateneshrepresentation.

2 The Computational Framework

Fromnow on we assumehatthe targetd — 1 dimensional
manifold \V is givenasthe zerolevel setof a higherdimen-
sionalembeddingfunction+ : R? — IR, which we con-
siderto be a signeddistancefunction (this mainly simplifies
the notation). For the casewhere \V is a surfacein three

2For particularflat targetmanifoldsasthewholespacelR? or asthosein
[21], the projectionis not neededOtherauthorsg.g.,[5, 15], have avoided
theprojectionstepfor particularcaseswhile in [30] the authorsmodify the
formulation,in somerestrictedcasegnamely2D), to includethe projection
step.



dimensionalspacefor example,thensy : R?® — R. We
also assumethat the domainmanifold M is flat and open
(asmentionedn theintroduction,generaldomainmanifolds
wereaddressedh [3]). We illustratethe basicideaswith a
functional from the theory of harmonicmaps. This is just
a particularexample (and a very importantone), and from
this exampleit will be clearhow the sameargumentsanbe
appliedto arny givenvariationalproblemandPDE.In partic-
ular, it canbe appliedto commonNavier-Stokesflows used
in brainwarping[19].

its

2.1 The Variational Formulation and

Euler-Lagrange

We searchfor necessargonditionsfor the functional E[i],

definedby
£ / e[@] dpmv
M

al
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to achieve aminimum. Here, || - ||% = PIC -); isthenorm

of FrobeniusandJ is the Jacobiarof themap@ : M —

{¢ = 0}. Notethatherewe arealreadyrestrictingthe map
to be onto the zerolevel-setof 1, thatis, onto the surface
of interest\/ (the targetmanifold). This is what permitsus
to work with the embeddingunction andthe whole space,
while guaranteeinghatthe mapwill alwaysbeontothetar-

get manifold, asdesired® Onceagain,this enegy will be

usedthroughoutthis paperto exemplify our framework. It

will be clearafterdevelopingthis examplethatthe samear-

gumentswork for othervariationalformulations,aswell as
for genericPDE’s definedontogenericsurfaces.

(2)

Proposition1 ([18]) The Euler-Lagrange of Equation (1),
ou

with (2), is givenby
Al + (ZHw [B—xk’ D V(i)
k

where H,, standsfor the Hessianof the embeddindunction
1 (andweusedthenotationA [#, i] = §7 A F). Thesolution
to this equationis a mapontothe zeo level-setof .

ou

Er ®3)

This equation then gives the corresponding Euler
Lagrangefor the givenvariationalproblem(andfrom it we
getthe gradient-desceritow, with Neumanrboundarycon-
ditions). Note, onceagainfrom our computationsthat de-
spiteall the terms*live” in the Euclideanspacewherethe
target manifold is embeddedg will always map onto the
level-setof interest{¢) = 0}, andthereforepntothesurface
of interest.Thisis guaranteedy this equationno additional
computationgreneededThisis thebeautyof theapproach,

3We use~'to notethatfor themostgeneratasethefunctionis vectorial.

while working freely on the Euclideanspace(andtherefore
with Cartesiamumerics),we can guaranteahat the equa-
tions areintrinsic to the given surfacesof interest. We will
further verify this in §2.2 to help the readergraspthe intu-
ition behindthis framework.

2.2 Simple Verifications

We now show thatthe EulerLagrangeabove, andits corre-
spondinggradientdescentlow, aretheextensionfor implicit
targetsof commonequationglerivedin theliteraturefor ex-
plicitly representedhanifolds. We alsoexplicitly shav that
the flow equationguaranteesas expectedfrom the deriva-
tions above andin particularfrom the proof of Proposition
1, thatif theinitial datumis on the target manifold, it will
remainonit. We alsoexpressthe secondundamentaform
of amanifoldthatis implicitly representedAll theseresults
will helpto furtherillustratethe approactandverify its cor
rectness.

Geodesicon Implicit Manifolds

It is well known, see[9, 10, 23], thatarc-lengthparameter
izedgeodesiconthemanifold N satisfythe harmonicmaps
PDE,andthereforeEquation(3). If we assumeasotropicand
homogeneoumetric over A/, from Equation(3) we obtain
that(arc-lengthparameterizedyeodesicenustsatisfy

J+Hy [1,9] Vi) = (4)

This important equationshonvs how to obtain geodesic
curveson manifoldsrepresentech implicit form.

Liquid Crystals

Oneof themostpopularexamplesof harmonianapss given
when the target manifold A is an hypersphere. That is,
the mapis onto S¢~1. In this case the embeddingsigned

distance)function is simply (@) = |7l =1, ¥ € R%.
Fromthis, Vy(7) = f and (Hy(§)),, = 0% — b
We also have that Hy, (i(z)) [%’;,%] = 6,53%2—;: -
ggk ggk uzuj, sincel|d|| = In addition, u’g“ =0,

fact simply obtainedtaking derlvatlves with respectto zy.

2
We then obtainthat 3 %" y;y; = (8&“) = 0, and

S Hy(d(z)) [%, 5—;] =3 (g%) which equals
|3 z(2)||%- Thereforefollowing thegeneraEulerLagrange
equation the correspondingliffusion equationfor this par
ticular caseis

ou
5 = A+ |3all3 @

which is exactly the well known gradientdescentlow for
thiscase We havethenverifiedthecorrectnessf thederiva-
tion in Propositionl for the caseof unit spheresas target
manifolds.



Mapping Restriction onto the Zero Level-Set

We now explicitly show thatif the initial datumbelongsto
thetargetsurfacegivenby thezerolevel-setof ), thentheso-
lution to the gradientdescenflow correspondingo (3) also
belongsto this level-set. This further shavs the correctness
of ourapproach.

Proposition2 ([18]) A regular solutionto the gradientde-
scentflow correspondindo Equation(3) holdsy (i(z, t)) =
0, Vx € M, Vit > 0 of regularity.

SecondFundamental Form for Implicit Surfaces

If we compare the gradient descentflow (and Euler
Lagrangeequation)we have obtainedwith the classicalone
from harmonicmapswe seethatthe maindifferenceis that
Christofel symbolsfor the target manifold term appearing
in the classicalformulation have beenreplacedby a new
term that includesthe Hessianof the embeddingfunction.
We obtainedthis by first implicitizing the target manifold
andthenrestrictingthe searcHor the minimizing mapto the
classof mapsontothezerolevel-setof the embeddindunc-
tion. This approactcanbefollowedto applythis framewvork
to ary relatedvariationalproblem. The sameequationcan
be obtainedby simply substitutingthe secondfundamental
form of theexplicit targetmanifoldby the correspondingx-
pressionfor animplicit target manifold [18] (seealso §4).
This illustrateshow to apply our framewnork to more gen-
eral PDE’s, not necessarilygradientdescenflow. Thebasic
ideais just to replaceall the PDE componentgoncerning
the target manifold by their counterpartgor implicit repre-
sentations.

2.3 Maps into Open Surfaces

Sofar, we have only addressethe casewhenthetargetsur
faceis closed(zerolevel-set).We now briefly dealwith open
surfaces We shaw, following classicaresults thatwhenthe
map & is evolving accordingto the flow from (3), the set
C(t) £ {d(z,t), z € M} remainsinsidetheinitial corvex-
hull of Co 2 {do(z), x € M}, Vt > 0. This propertyis
basicallya consequencef themaximumprinciple.

Let usfirst motivatethe generakesultpresentedbelow for
the planarcase. Assumethat the target manifold V' is flat,
for example R* (we still assumethat the domainmanifold
M is flat). Let @(z,t) solve &€ = Ag for z € M and
t > 0, and g—ﬁ|aM = 0. Let E bea corvex setof R* with
smoothboundary(this guaranteeghatthe distancefunction
is alsosmoothalmosteverywhereseg[23] for aformalstate-
ment),and¢ thesigneddistanceunctionto this set(positive

. L . AL,
outsideand negative inside). Define g(z,t) = &(d(z,t)).
Thenit follows that 2¢ — Ag = — YF | He (2L, 28)4

“Note thatwe are omitting detailsregardingthe correcthandlingof the

distancefunction, sinceit is not everywheredifferentiable. However, by a
regularizationargumentthe sameconclusionholds.

SinceZ is corvex, soit is £. Then,the Hessianof ¢ is pos-
itive semi-definitemeaningthat%‘tl — Ag < 0. Follow-
ing thescalamaximumprinciple,max,e a1, ¢>03 9(2,t) =
max(zem} 9(,0). If {do(z), z € M} C E, whichis
equialentto 0 > &(@o(z)) = g(z,0), we obtain that
g(z,t) <0,andi(z,t) € E,forallz €e Myt >0.

The generalresultnow presenteds from [13]. We quote
it herefor completeness.

Theorem1 Let @(z,t) be the solution of the gradient de-
scentflow correspondingo (3) attimet. Letusassumehat
for t < T this solutionremainssmooth. Let Iy = (1),
andZy bethecorvex hull of Iy. Thenfor (z,t) € Q x [0,71],
’II(.QI, t) (S I().

3 Maps onto Implicit Submanifolds

Herewe presenta modificationto the diffusion flow intro-
ducedabove, which is well suitedto diffuse datathat be-
longsto a certainsubmanifoldC of N' = {¢) = 0}. We
specify this submanifoldby {¢y = 0} N {& = 0}, where
we select® : RN — R to bethe signedintrinsic (to \)
distanceunctionto {® = 0}, satisfying

1= Vgl = VIV - [Vy- Vep (5)

In additionwe specifythe condition
®(p) =0forpe Ke
where
Ko ={z € RN |z =p+aVi(p),with pe C, a € R}

is the coneintersecting{y) = 0} atC anddirectorraysnor-
malalsoto {¢» = 0}.

Thereasorfor specifyingthe submanifoldthisway is that
we cannotproceedasbefore,simply specifyingthesubman-
ifold asthe zerolevel setof it’ s Euclideandistanceunction.
Thisis becaussuchfunctionwould besingularpreciselyon
the submanifold.

As we show in [18], theHessiarof @, intrinsic to N eval-
uatedat the point p, andrestrictedto acton vectorsthatbe-
longto T, N (tangentspace)canbewrittenin theform

H} (p) = Ha(p) — A(p) Hy(p) (6)

whereA(p) = V&(p) - Vi)(p). Thisexpressiorwill beused
below.

We now derive the EulerLagrangecorrespondingdo this
additionalmappingrestriction.

5The proof of this resulthasa lot of interestin itself sinceit canbe
carriedoutwithin theimplicit framework introducedn this paper



Proposition 3 ([18]) The Euler-Lagrange of the functional
(1), whenthe solutionis restrictedto the implicitly repre-
sentedsubmanifoldC definedabove is givenby

L, ou ou .
Ad + (%:Hw [6—%a6—%]> V(@) (7

As for the caseof closedmanifolds,we now verify that
in fact the gradientdescentcorrespondingto this Euler
Lagrangeequatiorkeepsiz in {1y = 0} N {® = 0}.

Proposition4 ([18]) If @ is a solutionto the gradientde-
scentflow correspondingo Equation(7), then@ mapsinto
thesubmanifold{+) = 0} N {® = 0}.

4 Implicit Domain Manifolds and p-

Harmonic Maps

For completenessye presennow theformulascorrespond-
ing to the casewhereboththe domainandtarget manifolds
arerepresenteth implicit form (with theimplicitizing func-
tions beingthe correspondingigneddistanceones).Deriv-
ing theseformulasis straightforward using the framework
here presentedvhen combinedwith the work in [3]. We
alsoshaw thecorrespondindlows for p-harmonicmaps.

4.1 p-Harmonic Maps

We still assumeM to be planar The enegy density(2) (but
notthedependencef theenegy onits density)is redefined
asfollows. Foreveryp € [1, +00) let

ool
eplil] = EIIJaII’}
A simple applicationof variational calculusleadsto con-
cludethaf

—

@ =p' % Teyw (V- (@l@)' 77 37))  ®

Notethatif p < 2 difficultiesareexpectedto arise,see[24]
andthereferencesherein.

4.2 Generic(Implicit) Domain Manifolds

Let M = {z € R™ : ¢(z) = 0}, whereg(-) is thesigned
distancefunctionto M, thenthediffusionis givenby:

t =

V- (TIyeJE) + (Z Hy[t,,, 70, (Hv¢)kr> vV
k,r
©)

6The divergenceoperatorcorvention (for a matrix A) we have usedis
V-A= (V AV A},) , whereA,,; standsfor thei-th column
of A. Thatis, we applya columnwisedivergence.

The whole deductionrestsuponthe redefinitionof the en-
ergy (1) andits density(2). Now we shoulddefinetheenegy
densityto beey ] £ %||J§||}, wheretheintrinsic Jacobian
of @ canbewritten asJ? = J; Iy, [18]. Thenew defini-
tion for theenegy shouldbe?

Bl 2 [ el d(9(w)) da

Comparing(9) with the classicalequationsfor harmonic
maps,we caninfer theimplicit form of the Christofel sym-

— 82 - O —
bOIS,I‘éj (w) = ﬁ(u) 8—$(u).8

(10)

4.3 Generic (Implicit) Domain Manifold and
p-Harmonic Maps

Usingbothgeneralizationpresentedbove, we arrive at the
following formulawith a bit morecomputationaéffort

@ =% vy (V- ((eopld) 7 Tved])) (1)

whereeg,,[] = L[|J%]%.

A numberof importantexamplesof thesegeneraformu-
las are provided in [18]. In particular we presenthow to
processdataconstrainedo be a direction (unit norm) and
to be eithernormalor tangentto the domainmanifold, e.g.,
[3]. Thisis anextremelyimportantcase for exampleto de-
noise principal directionsand normal vectors. To the unit
constraintwe of courseaddthe factthatthe datahasto be
tangentor normalto the manifold, an importantconstraint
thatwasnotincludedin [3].

5 Numerical Implementation and Ex-
amples

We now briefly discusghe numericalimplementatiorof the
flows previously introduced. Sincethe target manifold is
now implicitly representedwe canbasicallyuseclassical,
well studied,numericaltechniqueson Cartesiangrids. In
otherwords,the framework hereintroducedpermitsthe use
of alreadyexisting numericaltechniquestherebyenjoying
theiravailableanalysigesults.Thisis akey conceptjnstead
of working on the developmentof newv numericalschemes
for meshesthe useof implicit representation®llowing our
frameawork bringsus backto classicalschemes.Moreover,
exampleslike thosein Figure 1 have not beenreportedin
the literatureyet, sinceprior to our approachall PDE’s for
mapping3D meshesisedprojectionsasintermediatesteps.
Thereforethework hereproposedwhencombinedwith [3],

"We have alreadytakeninto accounthat||Ve|| = 1.

80f courseg? = (HV¢’)U (= gi_jl). Then, it is nice to obsere
(althoughformally incorrect) that sinceTIy 4 V¢ = 0, thenthe metric
g : IRY — IR*X4 haseigewvalue +oo in the directiongiven by V¢ thus
prohibitinginterminglingof informationbetweeradjacentevel setsof ¢.



notonly permitsto useclassicahumericalschemeso solve
PDE’s andvariationalproblemsfor surfacesit is alsoanen-
ablingtechnologyfor generamaps.

Notethatalthoughtheflows derivedin this paperguaran-
tee that the map remainson the target (sub-manifold),nu-
mericalerrorscanmove it away from it, requiringa simple
projectionstep. In particular when dealingwith submani-
folds, althoughthe evolution equationsalso guarantedhat
the solutionwill remaininsidethe corvex hull, dueto nu-
mericaldiscretization i could be taken outsideof it during
the evolution. In orderto numerically projectit back, we
needto have a distancefunctionto this corvex hull defined
on the implicitly definedtarget manifold. In [17] we have
shavn how to computationallyoptimal computesucha dis-
tancefunction on implicitly definedmanifolds,and this is
thetechniqueusedfor this projectioninto the corvex hull.

An explicit schemecan be devised to implement (9).
However, following [7], it turnsoutthatit is morecorvenient
to implementa mathematicallyequivalenformulation:

O _ A —

5 (Au- Vi) Ve

(12)
Proposition5 ([18]) Equation (12) is equivalentto the
mappinginto implicit surfacedlow correspondingo (3).

Detailson how this particularequation(andthe flow for
generaldomainandtarget manifolds)is numericallyimple-
mentedfollowing classicalCartesiarschemescanbefound
in [18].

In all the examplesbelow, the domainmanifold M is ei-
therthe EuclideanspacelR? or animplicit torus. Thetarget
manifold A is an implicit surfacein IR?, thatis, the zero
level-setof ¢ : IR? — IR, ¢ beinga signeddistancefunc-
tion (this is of coursealsothe casewhenthe surfaceis a
spherey) beingasin §2.2).

In orderto preseninterestingexampleswe constructtex-
ture maps,add noiseto them, andthen diffusethemusing
our framawork. Let S bethe surfaceontowhich we wantto
map a given (planar)imagedefinedin a subsetD C IR2.
Then the texture pap is a map T : & » D. Oncethe
mapis known, we invertedit to find amapi, : D — S.
Then, we built up the noisymap@ : D — S definedby
i(z) = Mg (do(x) + 1(z)), whered : D — S isran-
dom mapwith smallprescribedoower o. We thenfeedthe
evolution equationwith @ asinitial condition,andNeumann
boundaryconditions. After a certainnumberof steps,we
stopthe evolution, invert the resultingmap,anduseit asa
texture mapto paintthe surfacewith a certaintexture?

As a meansof finding asuitableT we have extendedthe
work in [29] (a multidimensionalscalingapproach),com-
bined with the techniquedevelopedin [17] for computing
distance®n implicit surfaces.In all the stepgust described
therearesomeminorimplementatiordetails,mainly regard-
ing interpolationtasks thatwe omit for the sale of clarity.

9Note that we arenot proposingthis asa completetexture mappingal-
ternatve, it is justto provide anillustrative example.

In Figure2 we thendenoisevectorsfrom the planelR? to
a 3D surfacedefinedasthe zerolevel-setof ¢ : R® — IR
and map a texture imageto the surfaceusing the obtained
map. Note thatthe mapis the onebeingprocessednot the
imageitself.

We also shav an exampleof diffusion of randommaps
from animplicit torusto theimplicit bunny model,seeFig-
ure 1. As expectedfrom the theory whenevolving this set
with the harmonicflow, the setconvergesto a uniquepoint.
This particularexampleof mappinga given 3D surfaceto
anotheronewas previously addressedia artificial, distor
tion introducing,projectiongto the planeor spherewvhenthe
surfaceswererepresentedsmeshe$26].

6 Conclusions

In this paperwe have showvn how to implementvariational
problemsandpartial differentialequationsonto generaktar-
getsurfaces.We have alsoaddressethe caseof opentarget
surfacesandsub-manifolds The key concepts to represent
thetarget (sub-)manifoldsn implicit form, andthenimple-
mentthe equationsn the correspondinggembeddingspace.
This framewnork completesthe work with generaldomain
manifoldsreportedn [3], therebyproviding acompletesolu-
tion to the computatiorof mapsbetweergenericmanifolds.
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Figure 1: Diffusion of a randommap from animplicit torusto
theimplicit bunry. In blue aremarked thosepointsof the bunry’s
surfacepointedby the mapat every instant.Differentfigurescorre-
spondto increasingnstancef the evolution, from top to bottom
and left to tight. We shav the map at samplesof 100 iterations
performedto theinitial mapwith atime stepof .01. We usedthe
2-harmonicheatflow with adiabaticconditions. (Thisis a color
figure.)



Figure2: Firstrow: Diffusionof a noisy texture map (left) onto animplicit sphere(right). Secondrow: Diffusion of a noisy texture
mapontoanimplicit teapot.We shawv two differentviews. Third row: Diffusionof atexture mapfor animplicit teapot.(Thisis a color
figure.)



