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Abstract

A framework for solving variationalproblemsand partial
differentialequationsthatdefinemapsontoa givengeneric
manifold is introducedin this paper. We discussthe frame-
work for arbitrarytargetmanifolds,while thedomainman-
ifold problemwasaddressedin [3]. The key ideais to im-
plicitly representthetargetmanifoldasthezerolevel-setof
ahigherdimensionalfunction,andthenimplementtheequa-
tions in the Cartesiancoordinatesystemwherethis embed-
ding functionis defined.In thecaseof variationalproblems,
we restrictthesearchof theminimizing mapto theclassof
mapswhosetarget is the level-setof interest. In the case
of partial differential equations,we re-write all the equa-
tion’s geometriccharacteristicswith respectto the implici-
tationfunction. We thenobtaina setof equationsthatwhile
definedonthewholeEuclideanspace,areintrinsicto theim-
plicitly definedtargetmanifoldandmapinto it. Thispermits
theuseof classicalnumericaltechniquesin Cartesiangrids,
regardlessof thegeometryof thetargetmanifold.Theexten-
sion to opensurfacesandsubmanifoldsis addressedin this
paperaswell. In the lattercase,thesubmanifoldis defined
asthe intersectionof two higherdimensionalsurfaces,and
all the computationsarerestrictedto this intersection.Ex-
amplesof the applicationsof the framework heredescribed
includeharmonicmapsin liquid crystals,wherethe target
manifoldis anhypersphere;probabilitymaps,wherethetar-
getmanifoldis anhyperplane;chromaenhancement;texture
mapping;andgeneralgeometricmappingbetweenhigh di-
mensionalsurfaces.

1 Intr oduction

In a numberof applicationsin mathematicalphysics,im-
ageprocessing,computergraphics,and medical imaging,
wehaveto solvevariationalproblemsandpartialdifferential�
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equationsdefinedon a generalmanifold � (domainmani-
fold), which mapthedataontoanothergeneralmanifold �
(target manifold). That is, we dealwith mapsfrom � to� . Whenthesemanifoldsarefor examplethreedimensional
surfaces,the implementationof the correspondinggradient
descentflow or thegivenPDE’sis considerablyelaborate.In
[3] we have shown how to addressthis problemfor general
domainmanifolds,while restrictingthe targetmanifolds�
to the trivial casesof the Euclideanspaceor hyper-spheres
(this framework hasbeenfollowedfor examplein [2]). The
key ideawas to implicitly representthe domainsurfaceas
the (zero)level-setof a higherdimensionalfunction � , and
thensolvethePDEin theCartesiancoordinatesystemwhich
containsthe domainof this new embeddingfunction. The
techniquewasjustifiedanddemonstratedin [3]. It is thegoal
of this paper(see[18] for detailsandproofs),to show how
to work with generaltarget manifolds,andnot just hyper-
planesor hyper-spheresaspreviously reportedin the litera-
ture.Inspiredby [3], wealsoembedthetargetmanifold � as
the(zero)level-setof ahigherdimensionalfunction � . That
is, whensolvingthegradientdescentflow (or in general,the
PDE),we guaranteethat the mapreceivesits valueson the
zerolevel-setof � . Themapis definedon thewholespace,
althoughit neverreceivesvaluesoutsideof thislevel-set.Ex-
amplesof applicationsof this framework includeharmonic
mapsin liquid crystals(� is an hypersphere)and3D sur-
facewarping[26]. In this lastcase,thebasicideais to find a
smoothmapbetweentwo givensurfaces.Dueto thelack of
thenew frameworksintroducedhereandin [3], thisproblem
is generallyaddressedin the literatureafter an intermedi-
atemappingof thesurfacesontotheplaneis performed(see
also[14, 28]). With thesenovel frameworks,directthreedi-
mensionalmapscanbecomputedwithout any intermediate
mapping,therebyeliminatingtheircorrespondinggeometric
distortions[19]. For this application,as in [26], boundary
conditionsareneeded,andhow to add themto the frame-
worksintroducedhereandin [3] is addressedin [19].

To introducetheideas,in thispaperweconcentrateonflat
domainmanifolds.1 Whencombiningthis framework with

1For completeness,we will presentthe generalequationsfor both



the resultson [3], we canof coursework with generaldo-
mainsandthencompletelyavoid otherpopularsurfacerep-
resentations,like triangulatedsurfaces.We arethenableto
work with intrinsic equations,in Euclideanspaceandwith
classicalnumericson Cartesiangrids, regardlessof the ge-
ometryof the involveddomainandtargetmanifolds. In ad-
dition to presentingthe generaltheory, we alsoaddressthe
problemof targetsubmanifoldsandopensurfaces.A num-
berof theoreticalresultscomplementthealgorithmicframe-
work heredescribed.

For illustrationpurposesonly, theproposedframework is
presentedfor classicalequationsfromthetheoryof harmonic
maps.Thetechniquecaneasilybeextendedto generalequa-
tions,asit will beclearfrom thedevelopmentsbelow.

1.1 Why implicit representations?

Let usconcludethis introductiondescribingthemainadvan-
tagesof working with implicit representationwhendealing
with PDE’sandvariationalproblems.

Theimplicit representationof surfaceshereintroducedfor
solvingvariationalproblemsandPDE’sis inspiredin partby
thelevel-setwork of OsherandSethian[20]. Thiswork, and
thosethatfollowedit, showedtheimportanceof representing
deformingsurfacesaslevel-setsof functionswith higherdi-
mensionaldomains,obtainingmorerobustandaccuratenu-
mericalalgorithms(andtopologicalfreedom).Note that, in
contrastwith the level-setapproachof Osherand Sethian,
our target manifold is fixed, what is “deforming” is the
datasetbeingmappedontoit.

SolvingPDE’s andvariationalproblemswith polynomial
meshesinvolves the non-trivial discretizationof the equa-
tions in generalpolygonal grids, as well as the difficult
numericalcomputationof other quantitieslike projections
ontothediscretizedsurface(whencomputinggradientsand
Laplaciansfor example). Although the useof triangulated
surfacesisquitepopular, thereis still noconsensusonhow to
computesimpledifferentialcharacteristicssuchastangents,
normals,principal directions,andcurvatures.On the other
hand,it is widely acceptedthatcomputingtheseobjectsfor
iso-surfaces(implicit representations)is straightforwardand
muchmoreaccurateandrobust.Thisproblembecomeseven
more significantwhen we not only have to computethese
first andsecondorderdifferentialcharacteristicsof the sur-
face,but also have to use them to solve variationalprob-
lemsandPDE’s for datadefinedon the surface. Note also
thatworking with polygonalrepresentationsis dimensional-
ity dependent,andsolving theseequationsfor high dimen-
sional( �
	 ) surfacesbecomesevenmorechallenging.

Our framework of implicit representationsenablesus to
perform all the computationson the Cartesiangrid corre-
spondingto the embeddingfunction. Thesecomputations
are,nevertheless,intrinsic to thesurface.Advantagesof us-
ing Cartesiangrid insteadof a triangulatedmeshincludethe

genericdomainandtarget manifoldsat the endof the paper. Theseequa-
tionsareeasilyderivedfrom [3] andthework presentedin this paper.

availability of well studiednumericaltechniqueswith accu-
rateerrormeasuresandthetopologicalflexibility of thesur-
face,all leadingto simple,accurate,robustandelegantim-
plementations.Theapproachis dimensionalityindependent
aswell. As mentionedabove, problemssuchas3D shape
warpingvia PDE’scouldnotbeaddressed(without interme-
diateprojections)without theframework hereproposed.

Numericalschemesthatsolve gradientdescentflows and
PDE’s ontogenerictargetmanifolds� (andspheresor sur-
facesin particular)will, in general,move thepointsoutside
of � dueto numericalerrors. The pointswill thenneedto
beprojectedback,2 seefor example[1, 6] for thecaseof �
beingasphere(wheretheprojectionis trivial, justanormal-
ization).For generaltargetmanifolds,this projectionmeans
thatfor everypoint ���� ��� (����� ��� ) weneedto know the
closestpoint to � in � . This meansknowing the distance
from every point ����� ��� to � (or at leastall points in a
bandof � ). This is nothingelsethananimplicit representa-
tion of the target � , beingtheparticularembeddingin this
casea distancefunction. This presentsanadditionaljustifi-
cationfor theframework hereintroduced,that is, if theem-
beddingfunctionfor thesurfacehasto becomputedanyway,
why notuseit from thebeginningif it helpsin thenumerical
computations?

In a numberof applications,surfacesare alreadygiven
in implicit form, e.g., [4], therefore, the framework in-
troducedin this paperis not only simple and robust, but
it is also natural in thoseapplications. Moreover, in the
state-of-the-artand most commonlyusedpackagesto ob-
tain 3D models from range data, the algorithms output
an implicit (distance) function (see for example graph-
ics.stanford.edu/projects/mich/).On the otherhand,not all
surfaces(manifolds)are originally representedin implicit
form. When the target manifold � is simple, like hyper-
spheresin the caseof liquid crystals,the implicitation pro-
cessis trivial. For genericsurfaces,we needto applyanal-
gorithmthattransformsthegivenexplicit representationinto
an implicit one. Although this is still a very active areaof
research,many very goodalgorithmshave beendeveloped,
e.g., [8, 11, 16, 27]. Note that this translationneedsto be
doneonly oncefor any surface.Notealsothatfor rendering,
thevolumetricdatacanbeuseddirectly, withouttheneedfor
anintermediatemeshrepresentation.

2 The Computational Framework

From now on we assumethat the target ����� dimensional
manifold � is givenasthezerolevel setof a higherdimen-
sionalembeddingfunction ����� ���! "� � , which we con-
siderto bea signeddistancefunction(this mainlysimplifies
the notation). For the casewhere � is a surfacein three

2For particularflat targetmanifoldsasthewholespace# $&% or asthosein
[21], theprojectionis not needed.Otherauthors,e.g.,[5, 15], have avoided
theprojectionstepfor particularcases,while in [30] theauthorsmodify the
formulation,in somerestrictedcases(namely2D), to includetheprojection
step.



dimensionalspacefor example,then �'�(� �*)+ ,� � . We
also assumethat the domainmanifold � is flat andopen
(asmentionedin theintroduction,generaldomainmanifolds
wereaddressedin [3]). We illustratethe basicideaswith a
functional from the theoryof harmonicmaps. This is just
a particularexample(anda very importantone),andfrom
this exampleit will beclearhow thesameargumentscanbe
appliedto any givenvariationalproblemandPDE.In partic-
ular, it canbeappliedto commonNavier-Stokesflows used
in brainwarping[19].

2.1 The Variational Formulation and its
Euler-Lagrange

We searchfor necessaryconditionsfor the functional -/.10243 ,
definedby -/.50263&78�9;:=< .50263 � :?> (1)

where < .50263 78 �	�@BADCE @GFH (2)

to achievea minimum. Here, @JI;@ FH 8LKNMPORQ ITS FMPO is thenorm
of Frobeniusand ADCE is the Jacobianof the map 02 �U�  V � 8XWZY . Note thatherewe arealreadyrestrictingthemap
to be onto the zero level-setof � , that is, onto the surface
of interest� (the targetmanifold). This is whatpermitsus
to work with the embeddingfunction andthe whole space,
while guaranteeingthatthemapwill alwaysbeontothetar-
get manifold, asdesired.3 Onceagain,this energy will be
usedthroughoutthis paperto exemplify our framework. It
will beclearafterdevelopingthis examplethat thesamear-
gumentswork for othervariationalformulations,aswell as
for genericPDE’sdefinedontogenericsurfaces.

Proposition1 ([18]) The Euler-Lagrange of Equation(1),
with (2), is givenby[ 02]\_^a`cbXdegfih 02hkj bml h 02hkj bonqp=r � Q 02 S 8NW l (3)

where d e standsfor theHessianof theembeddingfunction� (andweusedthenotation s+.50j l 0tu3 8 0tZv sN0j ). Thesolution
to thisequationis a mapontothezero level-setof � .

This equation then gives the corresponding Euler-
Lagrangefor the givenvariationalproblem(andfrom it we
getthegradient-descentflow, with Neumannboundarycon-
ditions). Note, onceagainfrom our computations,that de-
spiteall the terms“li ve” in the Euclideanspacewherethe
target manifold is embedded,02 will always map onto the
level-setof interest,

V � 8NWZY , andtherefore,ontothesurface
of interest.This is guaranteedby thisequation,noadditional
computationsareneeded.This is thebeautyof theapproach,

3Weusew x to notethatfor themostgeneralcase,thefunctionis vectorial.

while working freely on theEuclideanspace(andtherefore
with Cartesiannumerics),we canguaranteethat the equa-
tions areintrinsic to the givensurfacesof interest.We will
further verify this in y 2.2 to help the readergraspthe intu-
ition behindthis framework.

2.2 SimpleVerifications

We now show that theEuler-Lagrangeabove, andits corre-
spondinggradientdescentflow, aretheextensionfor implicit
targetsof commonequationsderivedin theliteraturefor ex-
plicitly representedmanifolds.We alsoexplicitly show that
the flow equationguarantees,asexpectedfrom the deriva-
tions above andin particularfrom the proof of Proposition
1, that if the initial datumis on the target manifold, it will
remainon it. We alsoexpressthesecondfundamentalform
of a manifoldthatis implicitly represented.All theseresults
will helpto furtherillustratetheapproachandverify its cor-
rectness.

Geodesicson Implicit Manif olds

It is well known, see[9, 10, 23], thatarc-lengthparameter-
izedgeodesicsonthemanifold � satisfytheharmonicmaps
PDE,andthereforeEquation(3). If weassumeisotropicand
homogeneousmetric over � , from Equation(3) we obtain
that(arc-lengthparameterized)geodesicsmustsatisfyz{|\?d e .~}{ l }{43 r � Q { S 8NW�� (4)

This important equationshows how to obtain geodesic
curveson manifoldsrepresentedin implicit form.

Liquid Crystals

Oneof themostpopularexamplesof harmonicmapsis given
when the target manifold � is an hypersphere. That is,
the mapis onto � ����� . In this case,the embedding(signed
distance)function is simply � Q 0t S 8 @ 0t @ ��� , 0t ��� ��� .
From this,

r � Q 0t S 8 C�� C� � and Q d e Q 0t S�S MTO 8������� C� � � � � � �� C� �1� .
We also have that de Q 02 Q j S�SD��� CE����� l � CE�����q� 8�� MTO � E ������ � E ������ �� E ������ � E ������ 2 M 2 O , since @ 02 @ 8 � . In addition, 2 M � E ������ 8�W ,
fact simply obtainedtaking derivativeswith respectto j b .
We then obtain that � E ������ � E ������ 2 M 2 O 8�� � E ������ 2 M � F 8¡W , andK �b£¢ � de Q 02 Q j S�S ��� CE����� l � CE�����q� 8¤K
M b � � E ������ � F which equals@BADCE Q j SG@ FH . Therefore,following thegeneralEuler-Lagrange
equation,the correspondingdiffusionequationfor this par-
ticular caseis h 02hk¥ 8 [ 02]\ @¦ADCE @ FH 02
which is exactly the well known gradientdescentflow for
thiscase.Wehavethenverifiedthecorrectnessof thederiva-
tion in Proposition1 for the caseof unit spheresas target
manifolds.



Mapping Restriction onto the Zero Level-Set

We now explicitly show that if the initial datumbelongsto
thetargetsurfacegivenby thezerolevel-setof � , thentheso-
lution to thegradientdescentflow correspondingto (3) also
belongsto this level-set.This furthershows thecorrectness
of our approach.

Proposition2 ([18]) A regular solutionto the gradientde-
scentflowcorrespondingto Equation(3) holds � Q 02 Q j l ¥ S�S 8W l¨§ j ��� l©§ ¥�ª W of regularity.

SecondFundamentalForm for Implicit Surfaces

If we compare the gradient descent flow (and Euler-
Lagrangeequation)we have obtainedwith theclassicalone
from harmonicmaps,we seethat themaindifferenceis that
Christoffel symbolsfor the target manifold term appearing
in the classicalformulation have beenreplacedby a new
term that includesthe Hessianof the embeddingfunction.
We obtainedthis by first implicitizing the target manifold
andthenrestrictingthesearchfor theminimizingmapto the
classof mapsontothezerolevel-setof theembeddingfunc-
tion. Thisapproachcanbefollowedto applythis framework
to any relatedvariationalproblem. The sameequationcan
be obtainedby simply substitutingthe secondfundamental
form of theexplicit targetmanifoldby thecorrespondingex-
pressionfor an implicit target manifold [18] (seealso y 4).
This illustrateshow to apply our framework to more gen-
eralPDE’s,not necessarilygradientdescentflow. Thebasic
idea is just to replaceall the PDE componentsconcerning
the target manifold by their counterpartsfor implicit repre-
sentations.

2.3 Maps into Open Surfaces

Sofar, we haveonly addressedthecasewhenthetargetsur-
faceis closed(zerolevel-set).Wenow briefly dealwith open
surfaces.Weshow, following classicalresults,thatwhenthe
map 02 is evolving accordingto the flow from (3), the set« Q ¥ S 78 V 02 Q j l ¥ S l j �¬� Y remainsinsidetheinitial convex-

hull of
«Z 78 V 02  Q j S l j �®� Y , § ¥|ª W . This propertyis

basicallya consequenceof themaximumprinciple.
Let usfirst motivatethegeneralresultpresentedbelow for

the planarcase.Assumethat the target manifold � is flat,
for example � b (we still assumethat the domainmanifold� is flat). Let 02 Q j l ¥ S solve � CE��¯ 8 [ 02 for j �°� and¥±ª W , and � CE��²(³³ �

: 8°W . Let ´ bea convex setof � b with
smoothboundary(this guaranteesthat thedistancefunction
is alsosmoothalmosteverywhere,see[23] for aformalstate-
ment),and µ thesigneddistancefunctionto thisset(positive

outsideandnegative inside). Define ¶ Q j l ¥ S 78 µ Q 02 Q j l ¥ S·S .
Then it follows that ��¸��¯ � [ ¶ 8 � K bM ¢ � d�¹ Q � CE��� � l � CE��� � S � 4

4Notethatwe areomitting detailsregardingthecorrecthandlingof the
distancefunction,sinceit is not everywheredifferentiable.However, by a
regularizationargument,thesameconclusionholds.

Since ´ is convex, so it is µ . Then,theHessianof µ is pos-
itive semi-definite, meaningthat �G¸�G¯ � [ ¶»º W . Follow-
ing thescalarmaximumprinciple, ¼�½¿¾6À �uÁ :+Â ¯1Ã ¦Ä ¶ Q j l ¥ S 8¼�½c¾6À �¿Á : Ä ¶ Q j l W S . If

V 02  Q j S l j ��� YLÅ ´ , which is
equivalent to W ª µ Q 02  Q j S�S 8 ¶ Q j l W S , we obtain that¶ Q j l ¥ S º W , and 02 Q j l ¥ S ��´ , for all j ��� y ¥©ª W .

Thegeneralresultnow presentedis from [13]. We quote
it herefor completeness.5

Theorem1 Let 02 Q j l ¥ S be the solution of the gradientde-
scentflow correspondingto (3) at time ¥ . Let usassumethat
for ¥ º=Æ this solutionremainssmooth. Let �  8 02  Q Ç S ,and È  betheconvex hull of �  . Thenfor Q j l ¥ S � ÇÊÉ . W l Æ 3 ,02 Q j l ¥ S ��È  .
3 Maps onto Implicit Submanifolds

Herewe presenta modificationto the diffusion flow intro-
ducedabove, which is well suitedto diffuse datathat be-
longs to a certainsubmanifold

«
of � 8 V � 8'WZY . We

specify this submanifoldby
V � 8ËWZYÍÌ V¿Î 8ËWZY , where

we select
Î �Ï� �*ÐÑ Ò� to be the signedintrinsic (to � )

distancefunctionto
VcÎ 8NWZY , satisfying

� 8 @ r e Î @ 8�Ó @ r Î @ F �
Ô r � I r Î Ô F (5)

In additionwespecifytheconditionÎ Q � S 8®W for ���ÕÍÖ
whereÕ Ö 8 V j ��� � Ð Ô j 8 � \+× r � Q � S l with �� « l × ��� � Y
is theconeintersecting

V � 8�WZY at
«

anddirectorraysnor-
malalsoto

V � 8®WZY .
Thereasonfor specifyingthesubmanifoldthisway is that

wecannotproceedasbefore,simplyspecifyingthesubman-
ifold asthezerolevel setof it’sEuclideandistancefunction.
This is becausesuchfunctionwouldbesingularpreciselyon
thesubmanifold.

As weshow in [18], theHessianof
Î

, intrinsic to � eval-
uatedat thepoint � , andrestrictedto acton vectorsthatbe-
long to Æ6Ø£� (tangentspace),canbewritten in theformd/Ù Ö Q � S 8 d Ö Q � S �ÊÚ Q � S d e Q � S (6)

whereÚ Q � S 8 r Î Q � SkI r � Q � S . Thisexpressionwill beused
below.

We now derive the Euler-Lagrangecorrespondingto this
additionalmappingrestriction.

5The proof of this result hasa lot of interestin itself sinceit can be
carriedoutwithin theimplicit framework introducedin this paper.



Proposition3 ([18]) TheEuler-Lagrange of the functional
(1), whenthe solution is restrictedto the implicitly repre-
sentedsubmanifold

«
definedabove, is givenby[ 02 \ ^ ` bXdegf h 02hkj bil h 02hkj bknZp»r � Q 02 S (7)

\ ^ ` b d/Ù Ö fÏh 02h4j bml h 02hkj b nZp r e Î Q 02 S 8®W��
As for the caseof closedmanifolds,we now verify that

in fact the gradient descentcorrespondingto this Euler-
Lagrangeequationkeeps 02 in

V � 8®W�Y¨Ì V¿Î 8®WZY .
Proposition4 ([18]) If 02 is a solution to the gradient de-
scentflow correspondingto Equation(7), then 02 mapsinto
thesubmanifold

V � 8®W�Y¨Ì V¿Î 8®WZY .
4 Implicit Domain Manif olds and Û -

Harmonic Maps

For completeness,we presentnow theformulascorrespond-
ing to thecasewhereboth thedomainandtargetmanifolds
arerepresentedin implicit form (with theimplicitizing func-
tionsbeingthecorrespondingsigneddistanceones).Deriv-
ing theseformulasis straightforward using the framework
herepresentedwhen combinedwith the work in [3]. We
alsoshow thecorrespondingflows for � -harmonicmaps.

4.1 Ü -Harmonic Maps

We still assume� to beplanar. Theenergy density(2) (but
not thedependenceof theenergy on its density)is redefined
asfollows. For every ��Ê.Ý� l \�Þ S let< Ø .10263 78 �� @¦ADCE @ Ø H
A simple applicationof variationalcalculusleadsto con-
cludethat602 ¯ 8 � �¦�Dßà�á¬âmeoã CEcä � r I � Qå< ØZ.10243 S �B� ßà A v CE ��� (8)

Notethat if �!æ�	 difficultiesareexpectedto arise,see[24]
andthereferencestherein.

4.2 Generic (Implicit) Domain Manif olds

Let � 8 V j �Ê� �*çè�(� Q j S 8�WZY , where � Q I S is thesigned
distancefunctionto � , thenthediffusionis givenby:

02 ¯ 8 r Icé á âiê A v CEmë \íìîm` b Â ï d e .102 ��ð l 02 ��� 3 Q á âiê S b ïGñò r �
(9)

6The divergenceoperatorconvention(for a matrix ó ) we have usedisô x�óöõø÷ ô x wóUù¿ú�ûû�üýü�ü ûû ô x wó�ùGþBÿ , where wó�ù�� standsfor the
�
-th column

of ó . Thatis, weapplyacolumnwisedivergence.

The whole deductionrestsupon the redefinitionof the en-
ergy (1)andits density(2). Now weshoulddefinetheenergy

densityto be < ê .50263 78 �F @¦A ê CE @ FH l wherethe intrinsic Jacobian

of 02 canbewritten as A ê CE 8 ADCE á âiê [18]. Thenew defini-
tion for theenergy shouldbe:7-/.50243 78�9 � ��� < ê .10243 �ZQ � Q j S�S � j (10)

Comparing(9) with the classicalequationsfor harmonic
maps,we caninfer theimplicit form of theChristoffel sym-
bols, �	� MPO Q 02 S 8 � ß e� E � � E � Q 02 S � e� E�
 Q 02 S .8
4.3 Generic (Implicit) Domain Manif old andÜ -Harmonic Maps

Usingbothgeneralizationspresentedabove,we arriveat the
following formulawith a bit morecomputationaleffort

02 ¯ 8 � �B� ßà á¬âmeoã CE�ä � r I �RQ < ê Â Ø;.10243 S �B� ßà á âiê A v CE ��� (11)

where< ê Â Ø .50263 78 �Ø @BA ê CE @ Ø H .
A numberof importantexamplesof thesegeneralformu-

las are provided in [18]. In particular, we presenthow to
processdataconstrainedto be a direction (unit norm) and
to beeithernormalor tangentto thedomainmanifold,e.g.,
[3]. This is anextremelyimportantcase,for exampleto de-
noiseprincipal directionsandnormal vectors. To the unit
constraintwe of courseaddthe fact that the datahasto be
tangentor normal to the manifold, an importantconstraint
thatwasnot includedin [3].

5 Numerical Implementation and Ex-
amples

We now briefly discussthenumericalimplementationof the
flows previously introduced. Since the target manifold is
now implicitly represented,we canbasicallyuseclassical,
well studied,numericaltechniqueson Cartesiangrids. In
otherwords,theframework hereintroducedpermitstheuse
of alreadyexisting numericaltechniques,therebyenjoying
theiravailableanalysisresults.This is akey concept,instead
of working on the developmentof new numericalschemes
for meshes,theuseof implicit representationsfollowing our
framework bringsus backto classicalschemes.Moreover,
exampleslike thosein Figure 1 have not beenreportedin
the literatureyet, sinceprior to our approachall PDE’s for
mapping3D meshesusedprojectionsasintermediatesteps.
Therefore,thework hereproposed,whencombinedwith [3],

7Wehavealreadytakeninto accountthat � ô� �&õ�� .
8Of course � � � õ���������� � ��� õ���� ú� �! . Then, it is nice to observe

(althoughformally incorrect) that since �"��� ô� õ$# , then the metric
�&%R# $ %(' # $ %*)¿% haseigenvalue +-, in thedirectiongiven by

ô�
thus

prohibitinginterminglingof informationbetweenadjacentlevel setsof


.



not only permitsto useclassicalnumericalschemesto solve
PDE’sandvariationalproblemsfor surfaces,it is alsoanen-
ablingtechnologyfor generalmaps.

Notethatalthoughtheflowsderivedin this paperguaran-
tee that the mapremainson the target (sub-manifold),nu-
mericalerrorscanmove it away from it, requiringa simple
projectionstep. In particular, whendealingwith submani-
folds, althoughthe evolution equationsalso guaranteethat
the solutionwill remaininside the convex hull, due to nu-
mericaldiscretization,02 couldbetakenoutsideof it during
the evolution. In order to numericallyproject it back, we
needto have a distancefunction to this convex hull defined
on the implicitly definedtarget manifold. In [17] we have
shown how to computationallyoptimalcomputesucha dis-
tancefunction on implicitly definedmanifolds,and this is
thetechniqueusedfor thisprojectioninto theconvex hull.

An explicit schemecan be devised to implement (9).
However, following [7], it turnsoutthatit is moreconvenient
to implementamathematicallyequivalentformulation:h 2hk¥ 8 [ 2 � é [ 2 I r � ë r � (12)

Proposition5 ([18]) Equation (12) is equivalent to the
mappinginto implicit surfacesflow correspondingto (3).

Detailson how this particularequation(andthe flow for
generaldomainandtargetmanifolds)is numericallyimple-
mented,following classicalCartesianschemes,canbefound
in [18].

In all theexamplesbelow, thedomainmanifold � is ei-
thertheEuclideanspace� � F or animplicit torus.Thetarget
manifold � is an implicit surfacein � �Í) , that is, the zero
level-setof �è��� �*)� � � , � beinga signeddistancefunc-
tion (this is of coursealso the casewhen the surfaceis a
sphere,� beingasin y 2.2).

In orderto presentinterestingexampleswe constructtex-
ture maps,addnoiseto them,and thendiffusethemusing
our framework. Let . bethesurfaceontowhich we wantto
mapa given (planar)imagedefinedin a subset/ ��� � F .Then the texture pap is a map 0Æ �0.  / . Once the
mapis known, we invertedit to find a map 02  �	/  1. .
Then, we built up the noisy map 02 �2/  3. definedby02 Q j S 8 á54 Q 02  Q j S \ 06 Q j S�S , where 06 �&/� . is ran-
dommapwith small prescribedpower 7 . We thenfeedthe
evolutionequationwith 02 asinitial condition,andNeumann
boundaryconditions. After a certainnumberof steps,we
stopthe evolution, invert the resultingmap,anduseit asa
texturemapto paintthesurfacewith a certaintexture.9

As a meansof finding a suitable 0Æ we have extendedthe
work in [29] (a multidimensionalscalingapproach),com-
bined with the techniquedevelopedin [17] for computing
distanceson implicit surfaces.In all thestepsjust described
therearesomeminor implementationdetails,mainlyregard-
ing interpolationtasks,thatwe omit for thesake of clarity.

9Notethatwe arenot proposingthis asa completetexture mappingal-
ternative, it is just to provide anillustrative example.

In Figure2 we thendenoisevectorsfrom theplane � � F to
a 3D surfacedefinedasthe zerolevel-setof �è�a� �*)/ � �
andmapa texture imageto the surfaceusing the obtained
map. Note that themapis theonebeingprocessed,not the
imageitself.

We also show an exampleof diffusion of randommaps
from animplicit torusto theimplicit bunny model,seeFig-
ure 1. As expectedfrom the theory, whenevolving this set
with theharmonicflow, thesetconvergesto a uniquepoint.
This particularexampleof mappinga given 3D surfaceto
anotheronewas previously addressedvia artificial, distor-
tion introducing,projectionsto theplaneor spherewhenthe
surfaceswererepresentedasmeshes[26].

6 Conclusions

In this paperwe have shown how to implementvariational
problemsandpartialdifferentialequationsontogeneraltar-
getsurfaces.We havealsoaddressedthecaseof opentarget
surfacesandsub-manifolds.Thekey conceptis to represent
thetarget (sub-)manifoldsin implicit form, andthenimple-
ment the equationsin the correspondingembeddingspace.
This framework completesthe work with generaldomain
manifoldsreportedin [3], therebyprovidingacompletesolu-
tion to thecomputationof mapsbetweengenericmanifolds.
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Figure 1: Diffusion of a randommap from an implicit torus to
theimplicit bunny. In bluearemarkedthosepointsof thebunny’s
surfacepointedby themapatevery instant.Differentfigurescorre-
spondto increasinginstancesof theevolution, from top to bottom
and left to tight. We show the map at samplesof 8:9;9 iterations
performedto the initial mapwith a time stepof < 9=8 . We usedthe>
-harmonicheatflow with adiabaticconditions. (This is a color

figure.)



Figure2: First row: Diffusionof a noisy texture map(left) onto an implicit sphere(right). Secondrow: Diffusion of a noisy texture
mapontoanimplicit teapot.We show two differentviews. Third row: Diffusionof a texturemapfor animplicit teapot.(Thisis a color
figure.)


