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 Risk Estimation

e Local Behavior of Sparse Regularization
e Robustness to Noise

« Numerical Illustrations



Inverse Problems

Recovering zyp € RY from noisy observations
y = dxy+w e R
® : RY — RY with P < N (missing information)
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Inverse Problems

Recovering zyp € RY from noisy observations
y = dxy+w e R
® : RY — RY with P < N (missing information)

Examples: Inpainting, super-resolution, compressed-sensing

Regularized inversion:

1
Ty (y) € argmin[§ |y — <I>x||2J + )\M I
xRN

Data fidelity —Regularity
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arse Regularizations

Synthesis regularization
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Coeflicients @ Image r = Yo

— A A
min Sy~ ®Paf + Alal;

Analysis regularization

Image x Correlations
o= D*x
min S|y — ®al3 + \D"zly



arse Regularizations

Synthesis regularization Analysis regularization

Coefficients Image r = Vo Image x Correlations
= D*x
1 o
min o ~ly — 2ol + Aol min oy — x|y + A[D"z];

D* €L 8%




arse Regularizations

Synthesis regularization Analysis regularization

Coefficients o Image x = Va Correlations

| o= D"z
min Sy - Pali+ Moly | min Sy~ @23 + ADl,
\Ij €T D* €L @

£0 -

Unless D = W is orthogonal, produces different results.



mﬁiations and Stability a‘j

Observations: Yy = Pxg+ w

Recovery:

— zx\(y) € argmin Lor - y)? + A|D* 2]y (Px(y))
xr e

A — 0T

s 20+ (y) € argmin [D*z]y  (no moise)  (py(y)
Pr=y



miations and Stability ::'E

Observations: Yy = Pxg+ w

Recovery: |

— ) (y) € argmin §H<I>£1:‘ —y|* + X\|D* x|, (Pr(y))
rERN

A — 0T

— 2o+ (y) € argmin |[D*z[;  (no noise) (P (y))
Pr=
Questions: ’

— Behavior of ) (y) with respect to y and .
— Application: risk estimation (SURE, GCV, etc.)
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m}‘_\@ﬁations and Stability ::-E

Observations: Yy = Pxg+ w

Recovery:

— zx\(y) € argmin Lor - y)? + A|D* 2]y (Px(y))
xr e

A — 0T

— 2o+ (y) € argmin |[D*z[;  (no noise) (P (y))
Pr=
Questions: ’

— Behavior of ) (y) with respect to y and .
— Application: risk estimation (SURE, GCV, etc.)

— Criteria to ensure |z)(y) — zo| < C|w|
(with “reasonable” ()

Synthesis case (D = 1Id): works of Fuchs and Tropp.
Analysis case: |Nam et al. 2011] for w = 0.
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isk Minimization
Average risk: R(\) = Ey(Jza(y) — 20]?)

A (y) = argmin R(A)  Plugin-estimator: () (y)
A

A

Risk R(\)

Parameter A\
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isk Minimization
Average risk: R(\) = Ey(Jza(y) — 20]?)
A (y) = argmin R(A)  Plugin-estimator: () (y)

A

Risk R(\)

Parameter A\

£, 1s not accessible — use one observation. o
o 1S not accessible — needs risk estimators.

But:




Prediction Risk Estimation

Prediction: ux(y) = ®x)(y)

Sensitivity analysis: it py is weakly differentiable
pa(y +6) = paly) + paly) - 6 + O(|0]%)



. -."- Prediction Risk Estimation

Prediction: ux(y) = ®x)(y)
Sensitivity analysis: it py is weakly differentiable
pa(y +9) = pa(y) + paly) - 6 + O([6])
Stein Unbiased Risk Estimator:
SURE(y) = |y — ux(y)[* — 0P + 20°df) (y)

dfy(y) = tr(Oua(y)) = div(px)(y)



A E .Prediction Risk Estimation :j

Prediction: ux(y) = ®x)(y)
Sensitivity analysis: it py is weakly differentiable
pa(y +96) = pa(y) + dua(y) - 6 + O(|9]*)
Stein Unbiased Risk Estimator:
SUREA(y) = |y — i (y)|* — 0° P + 20%dfx (y)

dfy(y) = tr(Oua(y)) = div(px)(y)

Theorem: [Stein, 1981] E,(SURE\(y)) = E.(|®xo — 1x(y)]?)




.|E' . Prediction Risk Estimation :j

Prediction: ux(y) = ®x)(y)

Sensitivity analysis: it py is weakly differentiable
pa(y +96) = pa(y) + dua(y) - 6 + O(|9]*)
Stein Unbiased Risk Estimator:
SUREA(y) = |y — ma(y)|° — o° P + 20%dfA(y)

dfy(y) = tr(Opx(y)) = div(px)(y)

Theorem: [Stein, 1981] E,(SURE\(y)) = E.(|®xo — 1x(y)]?)

Other estimators: GCV, BIC, AIC, .

Requires o (not always available
SURE: < ! Y )

Unbiased and good practical performances



Generalized SURE

Problem: |®xg — ®Px)\(y)| poor indicator of |xg — xx(y)]|-
Generalized SURE: take into account risk on ker(®)=+



m_neralized SURE .

Problem: |®xg — ®Px)\(y)| poor indicator of |xg — xx(y)]|-
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Projier (). = I = & (00*)
ML estimator: Z(y) = ®*(Pd*)Ty.
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m‘&g_neralized SURE -

Problem: |®xg — ®Px)\(y)| poor indicator of |xg — xx(y)]|-
Generalized SURE: take into account risk on ker(®)=+

GSUREA(y) = [2(y) — Pz (y)|* — o tr((22") ") +20"gdf, (y)
Generalized df: gdfy(y) =tr ((¢@*)+3HA(U))

Projier (). = I = & (00*)
ML estimator: Z(y) = ®*(Pd*)Ty.

Theorem:  |Eldar 09, Pesquet al. 09, Vonesh et al. 08]
E.(GSUREA(y)) = Eu ([1(zo — 2x(y))]")

— How to compute Ouy(y) ?
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mﬁations and Stability

Observations: Yy = Pxg+ w

Recovery:

2A(y) € argmin ; S8z — g £ AD ] (Pa(v))
Tre

Remark: x)(y) not always unique but

ux(y) = ®x ) (y) always unique.

Questions:
— When is y — ux(y) differentiable ?
— Formula for Ouy(y).



= TV-1D Polytope

TV-1D ball: B ={x\ [D*z|; <1}
Displayed in {z \ {z, 1) =0} ~ R?

rx(y) € argmin |D* x|,
y=>x

D* =




m- LV-1D Po lytope E.E

TV-1D ball:  B={z\ |[D"z|; <1} (1 -1 0 0)
Displayed in {z \ (z, 1) =0} ~R3> pr=|"Y

zx(y) € argmin |D*x|; \ -1
y=>x
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m “-TV-1D Polytope -

TV-1D ball:  B={z\ |[D"z|; <1} (1 -1 0 0)
Displayed in {z \ (z, 1) =0} ~R3> pr=|"Y

rx(y) € argmin |D* x|,
y=>x




Union of Subspaces Model

zy(y) € argmin —H<I>:E — 9”2
rERN

Support of the solution:
I'={i\ (D"zx(y)): # 0}
J=1°

Al D"zl

(Pa(y))



zx(y) € argmin —H<I>:1: —y|* + \|D*z|; (Pxr(y))

xRN
Support of the solution: 1
I={i\ (D*zx(y)): # 0} P .
J=1° ———

1-D total variation: D*x = (x; —xi_1);



myﬂr_\_ion of Subspaces Model a‘j
1

z:(y) € argmin _ |z — y|?> + N D*z|, (Pr(y))
rERN
Support of the solution: 1"
I={i\ (D*aa)); # 0} —
J =1 o 51 O >

1-D total variation: D*x = (x; —xi_1);

Sub-space model:  G; = ker(D%) = Im(D ;)"



mon of Subspaces Model ::'E
1

z:(y) € argmin _ |z — y|?> + N D*z|, (Pr(y))
rERN
Support of the solution: 1"
I={i\ (D*ax(y)): # 0} —
J =1 o QI O >

1-D total variation: D*x = (x; —xi_1);
Sub-space model:  G; = ker(D%) = Im(D ;)"

Local well-posedness: ker(®)NG; ={0} (Hy)

Lemma: There exists a solution x* such that (H ;) holds.




Mal Sign Stability ::'E
1

z(y) € argmin,, - |®x —y|* + A|D"zs  (PA(y))

Lemma: sign(D*xy(y)) is constant around (y, \) ¢ H.

To be understood: there exists a solution with same sign.




mal Sign Stability =
1

z(y) € argmin,, - |®x —y|* + A|D"zs  (PA(y))

Lemma: sign(D*x)(y)) is constant around (y, \) ¢ H.

To be understood: there exists a solution with same sign.

Linearized problem: = sign(D7xx(y))

£3(9) = argmin - @z — 12 + X (Dj, 1)
rxeGg




Mal Sign Stability a'i
1

rx(y) € argmin,, §H(I)Z‘ —y|? + \|D*z|: (Px(y))

Lemma: sign(D*x)(y)) is constant around (y, \) ¢ H.

To be understood: there exists a solution with same sign.

Linearized problem: = sign(D7xx(y))
£3(9) = argmin - @z — 12 + X (Dj, 1)
reyg
= A[J] ((I)*y_ — )\D[S])
1

AVlz = argmin = |®z|? — (z, 2)
€Yy 2




mal Sign Stability .-_;
1

rx(y) € argmin,, §H(I>£L‘ —y|? + \|D*z|: (Px(y))

Lemma: sign(D*x)(y)) is constant around (y, \) ¢ H.

To be understood: there exists a solution with same sign.

Linearized problem: = sign(D7xx(y))
23(9) = argmin 5 @2 — gl + X (D, 1)
reyg
— A[ ] (cb*g — )\D]S])
1
AVlz = argmin = |®z|? — (z, 2)
r€G 2

Theorem:  If (y,\) € H, for (7, \)

close to (y,\), x(y) is a solution of P5(7).




m : Local Affine Maps !.'J.E

Local parameterization: @5 (7) = AV1®*g — XAYID; s;

Under uniqueness assumption:

y = 2A(y) are piecewise affine functions.
A= )\(y)
A breaking points

<
change of support of D*z)(y)

k:O

> )\
/)\00 )\k




Wlication to GSURE -

For y ¢ H, one has locally: pa(y) = CIDA[J]CI)*y + cst.

Corollary: Let I = supp(D*zx(y)) such that H; holds.

dfx(y) = div (ua) (y) = dim(G)
dfx(y) = |za(y)|o  for D = Id (synthesis)
gdfy(y) = tr(11AM)

are unbiased estimators of df and gdf.




~Application to GSURE -
For y ¢ H, one has locally: pa(y) = DAV P*y + cst.

Corollary: Let I = supp(D*zx(y)) such that H; holds.

dfx(y) = div (ua) (y) = dim(G)
dfx(y) = |za(y)|o  for D = Id (synthesis)
gdfy(y) = tr(11AM)

are unbiased estimators of df and gdf.
Trick: tr(A) =E,({Az, 2)),z ~ N(0,1dp).
Proposition: gdfy(y) = E.((v(2), ®Fz)), 2z~ N(0,Idp)

where 1/(z) solves (‘I;;I’ %f) ( (2 )) ( Oz)

In practice: gdf, (y) ~ + S (), D), 2 ~ N(0,1dp).




d ¢ RPXN rpealization of a random vector.

P=N/4

D: wavelet TI redundant tight frame.

Projection Risk

% - GSURE
True Risk

é zlt)\*é é 1|o 1I2 )\



— — — Projection risk
_ GSUREMC

X Exh. search iterates
X Exh. search final

170.000 290.000 410.000 530.000
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Identifiability Criterion

Identifiability criterion of a sign: we suppose (H ;) holds

IC(s) = min ||Qs; — s (convex — computable)
uceKer D j

where Q= DT (Id — &*®AY)D;



me_ntiﬁabi lity Criterion a'i

Identifiability criterion of a sign: we suppose (H ;) holds

IC(s) = min ||Qs; — s (convex — computable)
uceKer D j

where Q= DT (Id — &*®AY)D;

Discrete 1-D derivative: 0

D*x = (I@ — xi—l)i X
¢ = Id (denoising)




me_ntiﬁabi lity Criterion ::-E

Identifiability criterion of a sign: we suppose (H ;) holds

IC(s) = min ||Qs; — s (convex — computable)
uceKer D j

where Q= DT (Id — &*®AY)D;

Discrete 1-D derivative:
D*ZIZ — (xz — 337;_1)2'

¢ = Id (denoising)

IC(s) = |os]e

(

sy = sign(D7jx)

4 ’ '
oy = sy [C(sign(D*z)) < 1

\



Robustness to Small Noise

C(s) = min [0 —ulee 2= Dj(1ld— 2 ®AY)D,



mustness to Small Noise ::-E

C(s) = min [0 —ulee Q= Dj(1d— 2" @AY)D,

Theorem: 1If IC(sign(D*zq)) < 1 T = mijr_l (D" x0),]
1€
If |w|/T is small enough and \ ~ |w]|, then

v* = x0 + A1 @ w — )\A[‘]]DISI,

is the unique solution of Py (y).




mustness to Small Noise 5

C(s) = min [0 —ulee Q= Dj(1d— 2" @AY)D,

Theorem: 1If IC(sign(D*zq)) < 1 T = mi}l (D" x0),]
1€
If |w|/T is small enough and \ ~ |w]|, then

v* = x0 + A1 @ w — )\A[‘]]DISI,

is the unique solution of Py (y).

Linear convergence rate: |z* — zo| = O(|w])



Robustness to Small Noise =y

IC(s) = min [Qs; — u)eo Q= D% (Id - &* AV D,

uceKer D g

Theorem: 1f IC(sign(D*zp)) < 1 T = mi}l (D" x);|
A
If |w|/T is small enough and \ ~ |w]|, then

v* = x0 + A1 @ w — )\A[J]DISI,

is the unique solution of Py (y).

Linear convergence rate: |z* — zo| = O(|w])

Theorem: If IC(sign(D*zq)) < 1
xo is the unique solution of Py(Pxy).




Robustness to Small Noise =y

IC(s) = min [Qs; — u)eo Q= D% (Id - &* AV D,

uceKer D g

Theorem: 1f IC(sign(D*zp)) < 1 T = mi}l (D" x);|
A
If |w|/T is small enough and \ ~ |w]|, then

¥ = x0 + A ey — )\A[J]DISI,

is the unique solution of Py (y).

Linear convergence rate: |z* — zo| = O(|w])

Theorem: 1If IC(sign(D*xq)) < 1
xo is the unique solution of Py(Pxy).

—— When D = Id, results of J.J. Fuchs.



~lC is Sharp for Sign Stability

Theorem:  Suppose IC(sign(D*xg)) > 1,
[TIH ] o
IC(sign(D*xg)) — 1
where MV = DT o*(@AVo* —1d)
then for any solution x* of Py(y)
sign(D*xq) # sign(D*x™)

if A >

Corrolary:  Suppose IC(sign(D*xg)) > 1,
then for all A > 0 and for any solution z* of Py (®zy),
sign(D*xg) # sign(D"x™)




Theorem:  Suppose IC(sign(D*xg)) > 1,
T
[C(sign(D*xq)) — 1
where MV = DT o*(@AVo* —1d)
then for any solution x* of Py(y)
sign(D*xq) # sign(D*x™)

if A >

Corrolary:  Suppose IC(sign(D*xg)) > 1,
then for all A > 0 and for any solution x* of Py (Pxy),
sign(D*xg) # sign(D"x™)

If IC(sign(D*xg)) = 1: both stability / no-stability
depending on the value of w.



Robustness to Bounded Noise

Robustness criterion: RC(I) = max min  [Qpr — u] o
|p1llco <1 u€ker(Dy)

= IC(p)



Wx ul':*i Robustness to Bounded Noise :h-i

Robustness criterion: RC(I) = max min  [Q2pr — u| s
|p1llco <1 u€ker(Dy)

= IC(p)

Theorem: 1f RC(I) < 1 for I = Supp(D*xg), setting
CJj

1 —RC()
Px(y) has a unique solution x* € G; and

A = plwls with p>1

[zo = 272 < Crfwls

Constants: cj = \\qu)*(CDA[J]CI)* —1d) |2,

_ Al PCJ
Cr=1 22(’ 1—RC(1)’

— When D = Id, results of Tropp (ERC)

2

)



Noiseless CNS: x¢ € argmin |D" x|,

(I>$:(I>a?0
SC,.
(<:>O) Ja € 9| D*x|1, Do € ker(®)+



" = Source Condition

Noiseless CNS: x¢ € argmin |D" x|,

(IDCE:(IDZIZQ D
SC,.
(<:>O) Ja € 9| D*x|1, Do € ker(®)+

Theorem: 1If (SC,,), (Hy) and |as|eo < 1, then
| D*(z* — x0)| = O (1_||’w|| )

|Grassmair, Inverse Prob., 2011]




Noiseless CNS: x¢ € argmin |D" x|,

(IDCB:(IDCCO D
SO,
(<:>O) do € 8”D*$0H1, Da € ker(@)L

Theorem: 1If (SC,,), (Hy) and |as|eo < 1, then
| D*(z* — x0)| = O (1_||’w|| )

Proposition: Let s = sign(D*xg) and <

Then IC(s) < 1 = (SC,,) and |a |

IC(s) = min |2s; — u| subj.to w &€ KerDj
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Example: TV Denoising in 1-D

Discrete 1-D derivative: 16s \ dimG; =k}
AT

D*x = (.CIZZ — 513‘2'_1)7;

Denoising ® = Id.

Signals with £ — 1 Stepg



mmple: TV Denoising in 1-D :Il-i

Discrete 1-D derivative: 16s \ dimG; =k}
AT

D*x = (.CIZZ — 513‘2'_1)7;

Denoising ¢ = Id.
IC(S) — HO-J”OO { o1 = Slgn(DIZU) Signals with k& — 1 steps

oy = Qsign(Djx)

A

1 .............. v
[C(sign(D*z)) < 1
Support stability.



mg_(gmple: TV Denoising in 1-D :-5

Discrete 1-D derivative: {G;\ dimG; =k}
Dz = (z; — zi-1); 1

Denoising ¢ = Id.

IC(s) = |0 7] { or = sign(Djx)  Signals with k — 1 steps

oy = Qsign(Djx)

A

IC(Slgn(D* ) <1 IC(s1gn(D* ) =1
Support stability. 0? stability only






No support recovery.

> : : >
i A



mﬂfgfgmple: Total Variation in 2-D _ Edj

Directional derivatives:
N N
1% = (Tij — Ti-15)ij € R

Gradient:
D*z = (Djz, Dyx) € R



Directional derivatives:
N N
1% = (Tij — Ti-15)ij € R

Dyx = (zij — ij-1)i,; € RY

Gradient:
D*x = (Diz, Dix) € RV*?

Dual vector:

or = sign(Djz)
oy = Qsign(Djz)



Example: Fused Lasso |
N {G;\ dimG; = k}

>

Total variation and ¢! hybrid:
D*x = (ZE@ — xi—l)i U (5331,)7,

Compressed sensing: X
Gaussian ® € RExXN Sum of k£ interval indicators.




|Zz ri.Example: Fused Lasso .

Total variation and ¢! hybrid: 7 197\ dimG; = k}
Dz = (x; —x—1); U (ex;);

>

Compressed sensing:

Gaussian ® € REXN Sum of &k interval indicators.)
Probabilité P(n, e, %) of the even IC< 1. 0 1
[ " |

'l 1

0.14 0.14

0.12 0.12

0.10 0.10

0.08 0.08

0.06 0.06

0.04 0.04

0.02

 ——

01 02 03 04 05 0.6 0.75 0.5




Haar wavelets:

1

(7) _
Vi  97(j+1) <

[ +1 if 0K
—1 it

Haar TI analysis:

[D*zy =32, |lox vl

i< 927

— 2 <Li<0

\ 0 otherwise.

=35 lzx oWy




Haar wavelets:

w(])
Haar TI analysis:

1
27T (j+1) <

De-blurring:

[ +1 if 0K
—1 it

i< 927

— 2 <Li<0

0 otherwise.

1.3

1.2

[D*z]y = 32 |z x by = 32, |z x P |y
+2

Pr=pxz, Pt)xe 252

Aajo

1.1

IC

1.0




Conclusion

SURE risk estimation:

Computing risk estimates

< Jensitivity analysis.
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Fast algorithms to optimize A.
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Computing risk estimates

< Jensitivity analysis.

Open problem:
Fast algorithms to optimize A.

Analysis vs. synthesis reqularization:
Analysis support is less stable.




X F~Conclusion

SURE risk estimation:

Computing risk estimates

< Jensitivity analysis.

Open problem:
Fast algorithms to optimize A.

Analysis vs. synthesis reqularization:
Analysis support is less stable.

Open problem:
Robustness without support stability.




