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and 
Simulation-Based Inference



Causality

based on the presentation by I. Guyon et al.
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Why Causality
AI / ML
• Underspecified Goals


• Underspecified Limitations


• Underspecified Caveats


➡Big Data Cures Everything


➡Big Data Can Do Everything


➡Big Data &  Big Brother

• Fair


• Accountable


• Transparent


• Robust


➡Biases


➡explainability


➡Decision making can be supported


➡attacks / manipulations

Goals in AI

3



Why Causality —What’s the Issue with pure AI

• Biases in data, lots of them


• Leads to biased learnt models


• Robustness


• Scope becomes very important

• C. O’Neill, Weapons of Math Destruction, 2016 


• Zeynep Tufekci, We’re building a dystopia just to make people  
click on ads, Ted Talks, Oct 2017.
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Why Causality —Some Issues with “Data is Everything”

• Biases in data, lots of them


• Leads to biased learnt models


• Robustness


• Scope becomes very important

• C. O’Neill, Weapons of Math Destruction, 2016 


• Zeynep Tufekci, We’re building a dystopia just to make people  
click on ads, Ted Talks, Oct 2017.

References
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ML Approach to Explainable Models
Discriminative or Generative modelling

• Given


• Supervised learning


• Generative modelling

<latexit sha1_base64="rVgMpqRx6eTI8cX/gDWFAazhmps="></latexit>

D = {(xi, yi), xi 2 Rd, i 2 1 . . . N}, iid samplesP (X,Y )

<latexit sha1_base64="nmvRa18ayZrgyS7k/jnhMuDTTPY=">AAACGXicbVDLSgMxFM34rPVVdekmWASFMsxIUXFVEMFlBVsrnVIy6W0nNPMguaOWsb/hxl9x40IRl7ryb0xrF74OBE7OOZfkHj+RQqPjfFhT0zOzc/O5hfzi0vLKamFtva7jVHGo8VjGquEzDVJEUEOBEhqJAhb6Ei78/vHIv7gCpUUcneMggVbIepHoCs7QSO2C4wUMaXDU8JToBciUiq/pZckreQg3mAkb7KG5jELVncvbxm67UHRsZwz6l7gTUiQTVNuFN68T8zSECLlkWjddJ8FWxhQKLmGY91INCeN91oOmoRELQbey8WZDum2UDu3GypwI6Vj9PpGxUOtB6JtkyDDQv72R+J/XTLF72MpElKQIEf96qJtKijEd1UQ7QgFHOTCEcSXMXykPmGIcTZl5U4L7e+W/pL5nu/t2+axcrJxM6siRTbJFdohLDkiFnJIqqRFO7sgDeSLP1r31aL1Yr1/RKWsys0F+wHr/BJ6Mn24=</latexit>

ĥ : X ! Y, i.e. P̂ (Y |X)
<latexit sha1_base64="wCI+CjZd77MgCrxYO6ZL4/7fPDw="></latexit>

q̂ : X ⇥ Y ! R+, i.e. P̂ (X,Y )

Lead to Predictive Modelling which will reproduce data biases

e.g.: If there are lots of umbrellas, then it rains 
 
 
 
Caillebotte, 1877 
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ML Approach to Explainable Models
But Not All Biases are Bad

Seurat, 1884 7



The Implicit Big Data Promise

• If you can predict, can you control? 
 
                   Knowledge -> Prediction -> Control

So How can this be Tested? Interventions
• Think about nutrition


• Think about healthcare


• Economy


• Climate

Pearl’s “Do” operator:  means that 
we intervene a system on event X to make 
“a” true (Pearl 2009).

<latexit sha1_base64="fAw+tPmNoyEYTY+CoD5VQkLJKes=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFETwWMF+QLuUbDbbhmaTJckKZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOML6d+Z0nqjST4tFMEurHeChYxAg2VuqEstq9weeDcsWtuXOgVeLlpAI5moPyVz+UJI2pMIRjrXuemxg/w8owwum01E81TTAZ4yHtWSpwTLWfzc+dojOrhCiSypYwaK7+nshwrPUkDmxnjM1IL3sz8T+vl5ro2s+YSFJDBVksilKOjESz31HIFCWGTyzBRDF7KyIjrDAxNqGSDcFbfnmVtC9q3mWt/lCvNO7yOIpwAqdQBQ+uoAH30IQWEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A0hOjuY=</latexit>

do(X = a)
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The Implicit Big Data Promise

<latexit sha1_base64="HUJuvEjySWaik4AEmcyxZ1oqBHg="></latexit>

X ! Y iif

PY |do(X=a,Z=c) 6= PY |do(X=b,Z=c)

X is a direct cause of Y if when we intervene it Y’s law changes

Example: Cancer, Smoking, and Genetic Factors
<latexit sha1_base64="NKwxv0guC8TAC1hW/Gc1HAhWFso=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARK0hJpKibQqGILivaC7QhTCaTduhkEmcmQol9BDe+ihsXirh16c63cXoBtfrDwM93zuHM+b2YUaks69PIzM0vLC5ll3Mrq2vrG+bmVkNGicCkjiMWiZaHJGGUk7qiipFWLAgKPUaaXr86qjdviZA04tdqEBMnRF1OA4qR0sg192tuWr3zo8JV2T48L1sHww4nN/CbWhPqmnmraI0F/xp7avJgqpprfnT8CCch4QozJGXbtmLlpEgoihkZ5jqJJDHCfdQlbW05Col00vFBQ7iniQ+DSOjHFRzTnxMpCqUchJ7uDJHqydnaCP5XaycqOHVSyuNEEY4ni4KEQRXBUTrQp4JgxQbaICyo/ivEPSQQVjrDnA7Bnj35r2kcFe3jYumylK+cTePIgh2wCwrABiegAi5ADdQBBvfgETyDF+PBeDJejbdJa8aYzmyDXzLevwBtJ5pS</latexit>

PC|do(S=1,G=0) 6= PC|do(S=0,G=0)
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Correlation does not Imply Causation
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https://www.tylervigen.com/spurious-correlations
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Causality is Needed for 
Interventions



Prediction is not Causation
• Consider


• Prediction 
 
 
as a causal model suggests that Y depends on Z

<latexit sha1_base64="urc6TYxirZX+KZwpvI9MqLL4dIU="></latexit>

X ⇠ Uniform(0, 1)

EY , EZ ⇠ N (0, 1)

Y  0.5X + EY

Z  Y + EZ

<latexit sha1_base64="9mhANFpcp3uacqqyR7SjfFLJxIw=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWQRBCUlp1IxREcFnBXrQNZTKdtEMnF2YmQold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufM78WcSWXb38bC4tLyympuLb++sbm1be7s1mWUCEJrJOKRaHpYUs5CWlNMcdqMBcWBx2nDG1yO640HKiSLwls1jKkb4F7IfEaw0lbH3G/3sUJ36ALZVrGMmuhEQ/m+YxZsy54IzYOTQQEyVTvmV7sbkSSgoSIcS9ly7Fi5KRaKEU5H+XYiaYzJAPdoS2OIAyrddHL/CB1pp4v8SOgXKjRxf0+kOJByGHi6M8CqL2drY/O/WitR/rmbsjBOFA3JdJGfcKQiNA4DdZmgRPGhBkwE07ci0scCE6Ujy+sQnNkvz0O9aDmnVummVKhcZXHk4AAO4RgcOIMKXEMVakDgEZ7hFd6MJ+PFeDc+pq0LRjazB39kfP4AvIGStw==</latexit>

Ŷ = 0.25X + 0.5Z

Direction of prediction often indistinguishable
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Correlation does not Imply Causation: A Serious Case

12

Nobel Laureates Ratio

Chocolate Consumption
<latexit sha1_base64="jbhteq2VQfBBxR+jODV9pHJdTqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4jmAckS5idzCZDZneGmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rcoM4w2mpDLtiFouRcobKFDytjacJpHkrWh0O/NbT9xYodJHHGseJnSQilgwik5qdbVRGlWvXPGr/hxklQQ5qUCOeq/81e0rliU8RSaptZ3A1xhOqEHBJJ+WupnlmrIRHfCOoylNuA0n83On5MwpfRIr4ypFMld/T0xoYu04iVxnQnFol72Z+J/XyTC+CSci1RnylC0WxZkkqMjsd9IXhjOUY0coM8LdStiQGsrQJVRyIQTLL6+S5kU1uKpePlxWand5HEU4gVM4hwCuoQb3UIcGMBjBM7zCm6e9F+/d+1i0Frx85hj+wPv8Aaawj8w=</latexit>/ Country Wealth

This means Confounders:  
   Variables are not Independent

<latexit sha1_base64="hfDPrPOpYaQdJMzAUlQT1vOKEd0="></latexit>

chocolate consumption 6?? nobel laurate ration

<latexit sha1_base64="gR/+F57mdcV/g1QsCtlgwLDWFMY="></latexit>

chocolate consumption ?? nobel laurate ration|country wealth

Probable Explanation: 
    Variables are Independent Conditionally to Another Event



Causality and Paradoxes
• If mother smokes, child is small


• Tiny child, implies health issues


• However, P(tiny child, mother smokes)>P(tiny child)


So smoking is beneficial to child’s health?


Explain issues away:


• Multi-causality of children weight


• These causes also affect health


• Compared to these mother smoking is not that bad, but frequency of smoking?


• Conclusions Contain Social Biases: mother is always responsible (autism, etc)

13
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• Multi-causality of children weight


• These causes also affect health


• Compared to these mother smoking is not that bad, but frequency of smoking?


• Conclusions Contain Social Biases: mother is always responsible (autism, etc)

14



Why Causality
• Fair


• Accountable


• Transparent


• Robust


➡Biases


➡explainability


➡Decision making can be supported


➡attacks / manipulations

Goals in AI

15

• Decreased sensitivity wrt to Data


• Simulation of Interventions


• Hopes for explanation / bias detection


• Robust


➡variable clamping


Causality Argued Advantages



Causal Discovery

• Gold Standard


• Feasibility


• The AI/ML Setting


➡Randomised Controlled Experiments


➡Low in many cases, especially human


➡discovery: infer model from data


How

16

• Understandable, interpretable models


• Prioritise confirmatory experiments: enable some control


• Generate new data: for simulation, privacy, medical training

What For?



Applications

• Physics


• Neuroscience


• Epidemiology


• Economy


• Climate


17



How do we do it?

18



Causal Modelling
Setting

• Assume we have the random variables


• with a sample joint distribution

<latexit sha1_base64="v5jh2ImJFfeg2lt0brJl0ma/2iM=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KCWRoh4LInisYNtAG8Nms2mXbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGmz721pZXVvf2Cxtlbd3dvf2KweHHZ1kirI2TUSi3IBoJrhkbeAgmJsqRuJAsG4wup763UemNE/kPYxT5sVkIHnEKQEjPbi+U+uLMAFdc/3Qr1Ttuj0DXiZOQaqoQMuvfPXDhGYxk0AF0brn2Cl4OVHAqWCTcj/TLCV0RAasZ6gkMdNePrt6gk+NEuIoUaYk4Jn6eyInsdbjODCdMYGhXvSm4n9eL4Poysu5TDNgks4XRZnAkOBpBDjkilEQY0MIVdzciumQKELBBFU2ITiLLy+Tznnduag37hrV5k0RRwkdoxN0hhx0iZroFrVQG1Gk0DN6RW/Wk/VivVsf89YVq5g5Qn9gff4Aki2R7w==</latexit>

X1, . . . , Xd

<latexit sha1_base64="8lAo3ai+mO5qW3EjZvLj52ja3Zw=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUhIp6qZQUMGdFewDmhgmk2k7dDIJMxOxhH6EG3/FjQtF3Lpw5984abPQ1gMDh3Pu5c45fsyoVJb1bczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+4DzzW/dESBrxWzWMiRuiHqddipHSkmceOiFSfYwYvKg66YNHHcqhcx2SHroLjiCt2g4LIiUhd0aeWbLK1hhwltg5KYEcdc/8coIIJyHhCjMkZce2YuWmSCiKGRkVnUSSGOEB6pGOphyFRLrpONQI7mslgN1I6McVHKu/N1IUSjkMfT2ZRZDTXib+53US1T1zU8rjRBGOJ4e6CYMqgllDMKCCYMWGmiAsqP4rxH0kEFa6x6IuwZ6OPEuax2X7pFy5qZRql3kdBbAL9sABsMEpqIErUAcNgMEjeAav4M14Ml6Md+NjMjpn5Ds74A+Mzx9FBJ25</latexit>

D = {xi 2 ⌦d, i = 1 . . . n}
Formal Background
• Key concept


• Framework


• Approaches
19



Key Concept 1: Variable (in)Dependency

• Definition of Independency


• How do we test for independency? 
Correlation? It only works for first order linear dependencies

<latexit sha1_base64="+G3jpyaGtxz4Uq+3OCX/IesEd7I=">AAACHHicbVDLSgMxFM34rPVVdekmWoQWpMxoUTdCQQSXFeyLTimZ9E4bmnmQ3FFK6Ye48VfcuFDEjQvBvzF9LHydEO7hnHtJ7vFiKTTa9qc1N7+wuLScWkmvrq1vbGa2tqs6ShSHCo9kpOoe0yBFCBUUKKEeK2CBJ6Hm9S/Gfu0WlBZReIODGFoB64bCF5yhkdqZ47obg4rdvckZU9qgrgQflej2kCkV3dFyrn7YyJ+bki/nGvl2JmsX7AnoX+LMSJbMUG5n3t1OxJMAQuSSad107BhbQ6ZQcAmjtJtoiBnvsy40DQ1ZALo1nCw3ogdG6VA/UuaGSCfq94khC7QeBJ7pDBj29G9vLP7nNRP0z1pDEcYJQsinD/mJpBjRcVK0IxRwlANDGFfC/JXyHlOMo8kzbUJwfq/8l1SPCs5JoXhdzJYuZ3GkyC7ZJznikFNSIlekTCqEk3vySJ7Ji/VgPVmv1tu0dc6azeyQH7A+vgDuqZ9h</latexit>

X ?? Y $ P (X,Y ) = P (X)P (Y )

<latexit sha1_base64="mrD03jL/wOEPGWoM8Qfg7shQGmQ="></latexit>

Y = X2 + ✏ ! correlation(X,Y ) ' 0
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Key Concept 1: Variable (in)Dependency

• Definition of Independency


• How do we test for independency? 
Different tests:


• Correlation


• HSIC, Hilbert-Schmitt Independence Criterion (Gretton et al 05) 
 
 
where  is the Hilbert-Schmitt norm of the kernel correlation 
matrix and  are two kernels: i.e. it’s the kernel trick for correlation.

<latexit sha1_base64="CPKJBmsK/FnOlZzudkC7iz3BN3U=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQUdVkoQpcV7UOaGCbTSTt0MgkzE6Wk+RQ3LhRx65e482+ctllo64ELh3Pu5d57/JhRqSzr21hb39jc2i7sFHf39g8OzdJRR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+uDHzu49ESBrxOzWJiRuiIacBxUhpyTNLzrThpb37zJk+VL20eZt5ZtmqWHPAVWLnpAxytDzzyxlEOAkJV5ghKfu2FSs3RUJRzEhWdBJJYoTHaEj6mnIUEumm89MzeKaVAQwioYsrOFd/T6QolHIS+rozRGokl72Z+J/XT1Rw5aaUx4kiHC8WBQmDKoKzHOCACoIVm2iCsKD6VohHSCCsdFpFHYK9/PIq6VQr9kWldlMr16/zOArgBJyCc2CDS1AHTdACbYDBE3gGr+DNmBovxrvxsWhdM/KZY/AHxucPBbaT3g==</latexit>

kCXY k2HS
<latexit sha1_base64="td7+ci4PjMctfQDPOwrg30DR4Cw=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcCFlRoq6LIiPZQX7gHYomTTThmYyQ5IRSu3CX3HjQhG3/oY7/8ZMO4i2HggczrmXe3L8mDOlHefLyi0sLi2v5FcLa+sbm1v29k5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gIvUb91QqFok7PYypF+KeYAEjWBupY++1Q6z7BHN0dYx++HXHLjolZwI0T9yMFCFDtWN/trsRSUIqNOFYqZbrxNobYakZ4XRcaCeKxpgMcI+2DBU4pMobTfKP0aFRuiiIpHlCo4n6e2OEQ6WGoW8m04Rq1kvF/7xWooNzb8REnGgqyPRQkHCkI5SWgbpMUqL50BBMJDNZEeljiYk2lRVMCe7sl+dJ/aTknpbKt+Vi5TKrIw/7cABH4MIZVOAGqlADAg/wBC/waj1az9ab9T4dzVnZzi78gfXxDW1hlRg=</latexit>

F ,G

<latexit sha1_base64="+G3jpyaGtxz4Uq+3OCX/IesEd7I=">AAACHHicbVDLSgMxFM34rPVVdekmWoQWpMxoUTdCQQSXFeyLTimZ9E4bmnmQ3FFK6Ye48VfcuFDEjQvBvzF9LHydEO7hnHtJ7vFiKTTa9qc1N7+wuLScWkmvrq1vbGa2tqs6ShSHCo9kpOoe0yBFCBUUKKEeK2CBJ6Hm9S/Gfu0WlBZReIODGFoB64bCF5yhkdqZ47obg4rdvckZU9qgrgQflej2kCkV3dFyrn7YyJ+bki/nGvl2JmsX7AnoX+LMSJbMUG5n3t1OxJMAQuSSad107BhbQ6ZQcAmjtJtoiBnvsy40DQ1ZALo1nCw3ogdG6VA/UuaGSCfq94khC7QeBJ7pDBj29G9vLP7nNRP0z1pDEcYJQsinD/mJpBjRcVK0IxRwlANDGFfC/JXyHlOMo8kzbUJwfq/8l1SPCs5JoXhdzJYuZ3GkyC7ZJznikFNSIlekTCqEk3vySJ7Ji/VgPVmv1tu0dc6azeyQH7A+vgDuqZ9h</latexit>

X ?? Y $ P (X,Y ) = P (X)P (Y )

<latexit sha1_base64="mrD03jL/wOEPGWoM8Qfg7shQGmQ="></latexit>

Y = X2 + ✏ ! correlation(X,Y ) ' 0

21

<latexit sha1_base64="LksUdKh9QVwvX1JC+mSZX8s2KM4="></latexit>

HSIC(PrXY ),F ,G) , kCXY k2HS



Key Concept 2: Conditional (in)Dependency
• Definition of Conditional Independency 
 
 
 
 
 
 
 
 
 
 

• C=rains, X=wet sidewalk, 
 Y=people with umbrellas


• Definition of Conditional Dependency 
 
 
 
 

• X=Complex Machine, 
Y=Inexperienced worker, C=Accident

22

<latexit sha1_base64="sFeo4eOs0O7CCZLEh85wywgi6d4="></latexit>

X ?? Y |C $ P (X,Y |C) = P (X|C)P (Y |C)

X Y

C

<latexit sha1_base64="75LxyBwgFrEkvoFlMuTNceKetBI=">AAACA3icbVDLSgMxFL3js9bXqDvdBIvQgpQZKeqyUASXFeyLtpRMmrahmcyYZIQyFtz4K25cKOLWn3Dn35hpu9DWAwkn59zLzT1eyJnSjvNtLS2vrK6tpzbSm1vbO7v23n5VBZEktEICHsi6hxXlTNCKZprTeigp9j1Oa96wlPi1eyoVC8StHoW07eO+YD1GsDZSxz5E5WzpoX7ayLUEvZs+csndyHXsjJN3JkCLxJ2RDMxQ7thfrW5AIp8KTThWquk6oW7HWGpGOB2nW5GiISZD3KdNQwX2qWrHkx3G6MQoXdQLpDlCo4n6uyPGvlIj3zOVPtYDNe8l4n9eM9K9y3bMRBhpKsh0UC/iSAcoCQR1maRE85EhmEhm/orIAEtMtIktbUJw51deJNWzvHueL9wUMsWrWRwpOIJjyIILF1CEayhDBQg8wjO8wpv1ZL1Y79bHtHTJmvUcwB9Ynz8bGZVJ</latexit>

P (C|X,Y ) 6= P (C|X)P (C|Y )

X Y

C

<latexit sha1_base64="cWDiJQpT64us8mSAs1x8Z91R5+k="></latexit>

X 6?? Y |C = 1 $
P (X,Y ) = P (X)P (Y )

P (X,Y |C = 1) 6= P (X|C = 1)P (Y |C = 1)



Definition of Causal Relationship

<latexit sha1_base64="HUJuvEjySWaik4AEmcyxZ1oqBHg="></latexit>

X ! Y iif

PY |do(X=a,Z=c) 6= PY |do(X=b,Z=c)

X is a direct cause of Y if when we intervene it Y’s law changes

Example: Cancer, Smoking, and Genetic Factors
<latexit sha1_base64="NKwxv0guC8TAC1hW/Gc1HAhWFso=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARK0hJpKibQqGILivaC7QhTCaTduhkEmcmQol9BDe+ihsXirh16c63cXoBtfrDwM93zuHM+b2YUaks69PIzM0vLC5ll3Mrq2vrG+bmVkNGicCkjiMWiZaHJGGUk7qiipFWLAgKPUaaXr86qjdviZA04tdqEBMnRF1OA4qR0sg192tuWr3zo8JV2T48L1sHww4nN/CbWhPqmnmraI0F/xp7avJgqpprfnT8CCch4QozJGXbtmLlpEgoihkZ5jqJJDHCfdQlbW05Col00vFBQ7iniQ+DSOjHFRzTnxMpCqUchJ7uDJHqydnaCP5XaycqOHVSyuNEEY4ni4KEQRXBUTrQp4JgxQbaICyo/ivEPSQQVjrDnA7Bnj35r2kcFe3jYumylK+cTePIgh2wCwrABiegAi5ADdQBBvfgETyDF+PBeDJejbdJa8aYzmyDXzLevwBtJ5pS</latexit>

PC|do(S=1,G=0) 6= PC|do(S=0,G=0)

23



Markov Equivalences

Markov Equivalent Class: 
<latexit sha1_base64="+7YxRuap1e7kREegROx4Fd5OnOE=">AAACKHicbVDLSgMxFM3UV62vqks30SK4kDIjRd3ZWgSXClYLnVIy6a0NzWSG5I5Yxn6OG3/FjYgi3folprULHz0hcDjnXJJ7glgKg647dDIzs3PzC9nF3NLyyupafn3j2kSJ5lDjkYx0PWAGpFBQQ4ES6rEGFgYSboJedeTf3IE2IlJX2I+hGbJbJTqCM7RSK39S8WPQsb89PiNKq/SBnlJ/30e4x5Sp9sDfpxVfRTgl2soX3KI7Bv1PvAkpkAkuWvlXvx3xJASFXDJjGp4bYzNlGgWXMMj5iYGY8R67hYalioVgmul40QHdtUqbdiJtr0I6Vn9OpCw0ph8GNhky7Jq/3kic5jUS7Bw3U6HiBEHx74c6iaQY0VFrtC00cJR9SxjXwv6V8i7TjKPtNmdL8P6u/J9cHxS9w2LpslQon03qyJItskP2iEeOSJmckwtSI5w8kmfyRt6dJ+fF+XCG39GMM5nZJL/gfH4B7cukFg==</latexit>

A ?? C|B andA 6?? C

V-Structure: <latexit sha1_base64="BiVoEC9HqlM/RwMMCo6QMwFDws4=">AAACKXicbVDLSgMxFM34rPVVdekmWgQXUmakqMvWIrhUsFrolJJJb21oJjMkd8Qy9nfc+CtuFBR164+YqV346AmBwznnktwTxFIYdN13Z2p6ZnZuPreQX1xaXlktrK1fmijRHOo8kpFuBMyAFArqKFBCI9bAwkDCVdCvZf7VDWgjInWBgxhaIbtWois4Qyu1C5WqryKkfgw69rdGJ6O0Ru/oMfX3fIRbTJnqDP09Wp0QaxeKbskdgf4n3pgUyRhn7cKz34l4EoJCLpkxTc+NsZUyjYJLGOb9xEDMeJ9dQ9NSxUIwrXS06ZDuWKVDu5G2VyEdqT8nUhYaMwgDmwwZ9sxfLxMnec0Eu0etVKg4QVD8+6FuIilGNKuNdoQGjnJgCeNa2L9S3mOacbTl5m0J3t+V/5PL/ZJ3UCqfl4uVk3EdObJJtsku8cghqZBTckbqhJN78kheyKvz4Dw5b87Hd3TKGc9skF9wPr8AWvakQA==</latexit>

A 6?? C|B andA ?? C

24
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Key Concept 3: Causality with Distributional Assymetry

25

• Leverages Occam’s Principle 
                 The causal model as the simplest explaining the data (Janzig 19)



Framework: Functional Causal Models (FCMs)

26

• Given  where , 
with  the parents or causes of , a deterministic function , and  an error 
representing independent random variable.

<latexit sha1_base64="v5jh2ImJFfeg2lt0brJl0ma/2iM=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KCWRoh4LInisYNtAG8Nms2mXbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBangGmz721pZXVvf2Cxtlbd3dvf2KweHHZ1kirI2TUSi3IBoJrhkbeAgmJsqRuJAsG4wup763UemNE/kPYxT5sVkIHnEKQEjPbi+U+uLMAFdc/3Qr1Ttuj0DXiZOQaqoQMuvfPXDhGYxk0AF0brn2Cl4OVHAqWCTcj/TLCV0RAasZ6gkMdNePrt6gk+NEuIoUaYk4Jn6eyInsdbjODCdMYGhXvSm4n9eL4Poysu5TDNgks4XRZnAkOBpBDjkilEQY0MIVdzciumQKELBBFU2ITiLLy+Tznnduag37hrV5k0RRwkdoxN0hhx0iZroFrVQG1Gk0DN6RW/Wk/VivVsf89YVq5g5Qn9gff4Aki2R7w==</latexit>

X1, . . . , Xd

<latexit sha1_base64="fIubSgEIcU8fwc6RBJCLX74gEI0=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARKkiZkaJuhIIUXFaw7UA7DJk004ZmHiQZoQzFjb/ixoUibv0Kd/6NaTsLrR5I7uGce0nu8RPOpLKsL6OwtLyyulZcL21sbm3vmLt7bRmngtAWiXksHB9LyllEW4opTp1EUBz6nHb80fXU79xTIVkc3alxQt0QDyIWMIKVljzzwPHYVeCxiuNlTaxvdjI5RQ1dPLNsVa0Z0F9i56QMOZqe+dnrxyQNaaQIx1J2bStRboaFYoTTSamXSppgMsID2tU0wiGVbjZbYYKOtdJHQSz0iRSaqT8nMhxKOQ593RliNZSL3lT8z+umKrh0MxYlqaIRmT8UpBypGE3zQH0mKFF8rAkmgum/IjLEAhOlUyvpEOzFlf+S9lnVPq/WbmvleiOPowiHcAQVsOEC6nADTWgBgQd4ghd4NR6NZ+PNeJ+3Fox8Zh9+wfj4BrQVlbc=</latexit>

Xi = fi(XPa(Xi), Ei)
<latexit sha1_base64="qfxustyCsSnwHeKbZoUwY7yKPKE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0mkqMeCCB4r2A9IQ9hsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dtbWNza3tks75d29/YPDytFxx6hMU9amSijdi4hhgkvWBg6C9VLNSBIJ1o3GtzO/+8S04Uo+wiRlQUKGksecErCS3wvzFqn1Qn4xDStVt+7OgVeJV5AqKtAKK1/9gaJZwiRQQYzxPTeFICcaOBVsWu5nhqWEjsmQ+ZZKkjAT5POTp/jcKgMcK21LAp6rvydykhgzSSLbmRAYmWVvJv7n+RnEN0HOZZoBk3SxKM4EBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWyDcFbfnmVdC7r3lW98dCoNu+KOEroFJ2hGvLQNWqie9RCbUSRQs/oFb054Lw4787HonXNKWZO0B84nz+B8pDF</latexit>

XPa(Xi)
<latexit sha1_base64="N0esZZyXdwL8/LY8jf1iozsbKIs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJaPZpKgH9Gh5CFn1FjpodPn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeq3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEzpY3E</latexit>

Xi

<latexit sha1_base64="cwz0pctciXO2rCvNt+AiO+yEyKA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD2Ff9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZrd3XKvXbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBI+Y3S</latexit>

fi
<latexit sha1_base64="kX8elxRPouATMPmtTr5dJ2cZqXM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBCh4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1Fjpod7n/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/WanV8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMWs42x</latexit>

Ei

<latexit sha1_base64="jDZxpeDLjvwl30S6+mu3CZwaalE=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhIIILiPYNtCEMJlM26GTCzMTocS+ghtfxY0LRdy6c+fbOGmz0NYfBj7+cw5nzu8njAppGN9aaWV1bX2jvFnZ2t7Z3dP3D7oiTjkmHRyzmNs+EoTRiHQklYzYCSco9Bnp+eOrvN67J1zQOLqTk4S4IRpGdEAxksry9JpVsz2z4bAglqJhe0H90rEozF36YHuZhXKqT+ueXjWaxkxwGcwCqqCQ5elfThDjNCSRxAwJ0TeNRLoZ4pJiRqYVJxUkQXiMhqSvMEIhEW42u2gKT5QTwEHM1YsknLm/JzIUCjEJfdUZIjkSi7Xc/K/WT+Xgws1olKSSRHi+aJAyKGOYxwMDygmWbKIAYU7VXyEeIY6wVCFWVAjm4snL0D1tmmfN1m2r2r4u4iiDI3AMasAE56ANboAFOgCDR/AMXsGb9qS9aO/ax7y1pBUzh+CPtM8fAGKbRQ==</latexit>

P (X1, . . . , Xd) = ⇧P (Xi|XPa(Xi))

But, what do we need for this system to 
represent a causal model?



Conditions for Causal Model Representation

• Causal Sufficiency: no unobserved 
confounders


• Causal Markov: all d-separations in the 
causal graph G imply conditional 
independencies in the observational 
distribution P


• Causal Faithfulness: all conditional 
independencies in P imply d-separations 
in the causal graph G

27



How Do We Infer the Causal 
Model From Data?

28



Key Approach 1: Constraint-Based Methods
• Constraint-based methods, through V-Structures and constraint propagation, output a 

CPDAG (Completed Partially Directed Acyclic Graph).  
 
 
 
 
 
 
 

• Examples: Peter-Clark Algorithm (PC) and it’s extensions such as PC-Hist (Spires et al 
00, Zhang et al 12)

29



Key Approach 2: Score-Based
• Use an objective function to optimise the graph. For instance the Bayesian information 

criterion


• with L the likelihood of the model, k number of parameters, and n the number of samples


• We optimise the sample with operations such as:


• Add an edge


• remove an edge


• revert and dee


• An algorithm for this are Greedy Equivalence Search (GES) by Chickering et al 02.

<latexit sha1_base64="N+Co5k7Pr+6kbD17Hql/7FULZ2s=">AAACKXicbVBbSwJBGJ21m9ltq8dehiRQItkVqV4CSaKCHgzyAioyO446ODuzzMwGsvh3eumv9FJQVK/9kWbVh1IPDBzO+T6+OccLGFXacb6sxNLyyupacj21sbm1vWPv7lWVCCUmFSyYkHUPKcIoJxVNNSP1QBLke4zUvEEp9muPRCoq+IMeBqTlox6nXYqRNlLbLl7eljJNH+k+RgxeZy9O8rApAiKRFpIjn0SMjzJ3WXgMBwsMnm3baSfnjAHniTslaTBFuW2/NTsChz7hGjOkVMN1At2KkNQUMzJKNUNFAoQHqEcahsanVCsaJx3BI6N0YFdI87iGY/XvRoR8pYa+ZybjTGrWi8VFXiPU3fNWRHkQasLx5FA3ZFALGNcGO1QSrNnQEIQlNX+FuI8kwtqUmzIluLOR50k1n3NPc4X7Qrp4Na0jCQ7AIcgAF5yBIrgBZVABGDyBF/AOPqxn69X6tL4nowlrurMP/sH6+QUz0aV3</latexit>

BIC(G) = �2 ln(L) + k ln(n)
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Key Approaches 1 and 2
• Limitations


• Computational cost depending on the test/scoring/loss


• Data hungry


• Identifiability issues


• Example: 
 
 
 
 
 

. No V-struture
<latexit sha1_base64="TQaeiz/36IueTcjISNvYLjQTIM8=">AAACA3icbZBNS8MwGMfT+TbnW9WbXqJD8DTaMdTjQASPE9yLrKWkWbqFpWlJUmHUgRe/ihcPinj1S3jz25h2PejmEwI//v/nIXn+fsyoVJb1bZSWlldW18rrlY3Nre0dc3evI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/fJn53XsiJI34rZrExA3RkNOAYqS05JkHsOfZTkxE7BzlJ0Ot1R/uPLNq1ay84CLYBVRBUS3P/HIGEU5CwhVmSMq+bcXKTZFQFDMyrTiJJDHCYzQkfY0chUS6ab7DFJ5oZQCDSOjLFczV3xMpCqWchL7uDJEayXkvE//z+okKLtyU8jhRhOPZQ0HCoIpgFggcUEGwYhMNCAuq/wrxCAmElY6tokOw51dehE69Zp/VGjeNavOqiKMMDsExOAU2OAdNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+lPH5A5lHlj4=</latexit>

X1 ?? X2|Y

<latexit sha1_base64="iHPVY+Brw6DbNyDgVmhM6V3ypWY="></latexit>

X1, EX1 , EX2 ⇠ U(0, 1)X1 ?? EX1 , Y ?? EX2

Y  0.5X1 + EX1

X2  Y + EX2
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Key Approach 3: Global Optimisation
• Assuming linear causal mechanisms, the system can be formulated in terms of 

linear equations 
 
 
where the triangular B matrix can be estimated through ICA for LinGAM (Shimizu 
06, Hyvarien 99)


• This also can be done in terms of graphical models (Pearl 09, Friedman 08) 
 
 
For instance with Max-Min Hill-Climbing (MMHC) by Tsamardinos (06) and 
concave penalised Descent (CCDr) by Aragam (15)

<latexit sha1_base64="/JgzQi5w39CaGqoajFbLrMVnFrQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRb0IRSl4rNCPQBvLZrtpl242cXcjlNA/4cWDIl79O978N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7By0VJZLQJol4JF0fK8qZoE3NNKduLCkOfU7b/uh26refqFQsEg09jqkX4oFgASNYG8l1r28eGu5ZrVcs2WV7BrRMnIyUIEO9V/zq9iOShFRowrFSHceOtZdiqRnhdFLoJorGmIzwgHYMFTikyktn907QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif14n0cGVlzIRJ5oKMl8UJBzpCE2fR30mKdF8bAgmkplbERliiYk2ERVMCM7iy8ukdV52LsqV+0qpWsviyMMRHMMpOHAJVbiDOjSBAIdneIU369F6sd6tj3lrzspmDuEPrM8fwgOPJw==</latexit>

X = BTX + E
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Key Approach 4: Exploiting Asymmetries 
• If no v-structure is available and causal discovery with 2 variables is hard, we can 

leverage asymmetries in the distributions . For instance with the Additive Noise 
Model (ANM) of Hoyer (09)

33



Key Approach 4: Exploiting Asymmetries 
• Restrictive assumptions on the type of causal mechanisms


• Conditional independence is not taken into account 
 
 
 
 
 
 
 
 
 
(X1,Y) and (X2,Y) are a perfectly symmetric pairwise distribution after rescaling. 
However,  a v-structure is at the origin of the data.

<latexit sha1_base64="hLC/s3jaE0ppnWNk4XDqubtw7oo=">AAACB3icbZBNS8MwGMfT+TbnW9WjINEheBrtGOpxIILHCe5F1lLSLN3C0rQkqTDqbl78Kl48KOLVr+DNb2Pa9aCbTwj8+P+fh+T5+zGjUlnWt1FaWl5ZXSuvVzY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98WXmd++JkDTit2oSEzdEQ04DipHSkmcewp5nOzxSTkxE7BzlJ0Ot1x/uPLNq1ay84CLYBVRBUS3P/HIGEU5CwhVmSMq+bcXKTZFQFDMyrTiJJDHCYzQkfY0chUS6ab7HFJ5oZQCDSOjLFczV3xMpCqWchL7uDJEayXkvE//z+okKLtyU8jhRhOPZQ0HCoIpgFgocUEGwYhMNCAuq/wrxCAmElY6uokOw51dehE69Zp/VGjeNavOqiKMMDsAxOAU2OAdNcA1aoA0weATP4BW8GU/Gi/FufMxaS0Yxsw/+lPH5A+PlmBM=</latexit>

X1 6?? X2|Y

<latexit sha1_base64="H/56lI0QUtiKduLrVqPnypJaMkg="></latexit>

X1, EX1 , X2 ⇠ N (0, 1)X1 ?? EX1 , Y ?? EX1

Y  0.5X1 +X2 + E1

Limitations

34



Key Approach 5: Machine Learning Base 

• Pair Cause-Effect Challenges


• Gather data: a sample is a pair of variables (Ai,Bi)


• Its label  is the “true” causal relation (e.g. age “causes” salary)


• Input 
 
 
 

• Output: 

<latexit sha1_base64="QifbSf5ISqsLM60jtjifwspwpd8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCCB4r2A9oQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fip1UMh+rxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42v3ZKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjJ7nQy4QmbExBLKFLe3EjaiijJjAyrZELzll1dJ66LqXVZr97VK/TaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI3RjyM=</latexit>

`i

<latexit sha1_base64="89Svqzpo75RttGv9HzylS/Ipm78=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkUtRlVQSXFewDmlAm00k7dDIJMxOlhIK/4saFIm79Dnf+jdPHQqsHLhzOuZd77wkSzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoOrsd+8p1KxWNzpYUL9CPcECxnB2kgde690cXx55EnW62ssZfyAPMp5xy46ZWcC9Je4M1KEGWod+9PrxiSNqNCEY6XarpNoP8NSM8LpqOCliiaYDHCPtg0VOKLKzybnj9ChUboojKUpodFE/TmR4UipYRSYzgjrvpr3xuJ/XjvV4bmfMZGkmgoyXRSmHOkYjbNAXSYp0XxoCCaSmVsR6WOJiTaJFUwI7vzLf0njpOyeliu3lWL1ehZHHvbhAErgwhlU4QZqUAcCGTzBC7xaj9az9Wa9T1tz1mxmF37B+vgG/ceU5w==</latexit>

(A,B) ! `

Guyon et al 2014—2015
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Key Approach 5: Machine Learning Base 
Guyon et al 2014—2015

Key approach 5: A machine learning-based
approach, 2

Guyon et al, 2014-2015

  

32 / 82
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Summary for “Key Approaches”
State of the art: summary

34 / 82
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A Python Package for Causal Discovery

All the presented framework is available on GitHub at : 
https://github.com/Diviyan-Kalainathan/CausalDiscoveryToolbox 

It includes multiple algorithms as well as tools for graph structure. 


Published in Kalainathan Goudet 2019  JMLR - Open Source 
Software 
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A Python Package for Causal Discovery

All the presented framework is available on GitHub at : 
https://github.com/Diviyan-Kalainathan/CausalDiscoveryToolbox 

It includes multiple algorithms as well as tools for graph structure. 


Published in Kalainathan Goudet 2019  JMLR - Open Source 
Software 
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Simulation Based Inference

40



Simulation-Based Inference
The setting

• Assume that we have a generative (graphical and parametrical) model to 
produce the data. Can we train an inference system such that given a dataset 
we can obtain the parameters? 
 
More formally, given: 
 
 
 
Can we train a system to infer a density 
 

<latexit sha1_base64="b95f+THguavcDJSo3I5dpDQ301E="></latexit>

latent variables z ⇠ p(z|✓)
simulated dataset x ⇠ p(x|✓, z)

<latexit sha1_base64="9msf8yq48ayaAx3TCaBUYb4+G/w=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosiOCxgv2A7VKyabYNzSZrMiuW2p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrK6tb+Q3C1vbO7t7xf2DplGppqxBlVC6HRLDBJesARwEayeakTgUrBUOr6Z+64Fpw5W8g1HCgpj0JY84JWAl/77cgQED8vR42i2W3Io7A14mXkZKKEO9W/zq9BRNYyaBCmKM77kJBGOigVPBJoVOalhC6JD0mW+pJDEzwXh28gSfWKWHI6VtScAz9ffEmMTGjOLQdsYEBmbRm4r/eX4K0WUw5jJJgUk6XxSlAoPC0/9xj2tGQYwsIVRzeyumA6IJBZtSwYbgLb68TJpnFe+8Ur2tlmrXWRx5dISOURl56ALV0A2qowaiSKFn9IreHHBenHfnY96ac7KZQ/QHzucPBzKRHA==</latexit>

q(✓|x)
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Simulation-Based Inference
Current Approaches (Cranmer et al 2019)
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A Use Case Combining 
Graphical Models with 

Simulation-Based 
Inference in Neuroscience

Slides kindly provided by Louis Rouillard, Inria, Saclay Île-de-France 
work to be published in ICLR 2022
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Part 1
Problem statement
Experimental & Theoretical
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Pyramidal experimental setups

Kong et al. 2018 - MS-HBM

Functional connectivity modelled via a 
Hierarchical Bayesian Model (HBM)

Connectivity with several scales for variability:

● Multiple subjects
● Multiple measurement sessions per subject
● Multiple brain vertices per session

Kong et al. 2018 45



Inference in HBMs

● Latent parameters θ (for instance subject-level functional networks)
● Observed data X (for instance vertices connectivity in a given session)

The generative Hierarchical Bayesian Model defines the joint probability:

Our goal is to obtain the posterior distribution:

Inference can be amortized: once a training overhead has been paid for, we want to 
obtain the posterior distribution of θ given any data point X

46Kong et al. 2018



Variational Inference (VI)

A popular inference framework (Blei et al. 2017)

Posits the inference problem as an optimization: we consider a variational family and look in this 
family for the function “closest” to our target:

VI now leverages automatic differentiation in modern ML frameworks to look for the optimal 
function (ADVI Kucukelbir et al. 2016)

Structured VI aims at exploiting the forward model’s structure to improve even further the 
variational family (ASVI Ambrogioni et al. 2021, Weilbach et al. 2020, CF Ambrogioni et al. 2021)
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A massive dimensionality for the ground HBM

µ

µ1 µS

µ11 µ1T
µS

1

µS

T

……...

..
.

..
.

In the MS-HBM
(Kong et al. 2018) :
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population network

subject network
S=40

session network
T=4 
(for every subject)

connectivity D 
= 1483

Total number of parameters:
→ ~ 5 millions !
→ prohibits traditional methods



A synthetic template HBM

µ

MS

MS

T

S

T

plates
See Koller et Friedman (2009)
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template RVs
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ADAVI: structured VI exploiting plates

● Plates translate i.i.d sampling from a common distribution: there 
is a strong symmetry in the forward HBM (several identical 
sub-graphs in the ground graph)

● ADAVI’s main idea is to exploit that symmetry to reduce the 
variational family’s number of parameters (and improve its 
performance)

● We want to scale our parametrization over the dimensionality of 
the graph template and NOT the ground graph
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Breaking down the acronym
ADAVI:

● Automatic: the variational family is derived 
directly from the forward HBM

● Dual: a backward model is constructed that 
goes from data X to parameters θ

● Amortized: once trained, the posterior is 
available for every data point X

● VI: we use optimization to derive the 
variational posterior
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θ

Forward 
Model

X
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(automatic)



Part 2
Methodological overview
Subpart A: pyramidal HBMs
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Definition of a pyramidal HBM

● A simpler class of problems to build our proof-of-concept 
architecture…

● ...yet expressive enough to encompass “real-life” models
● A subclass of plate-enriched Hierarchical Bayesian Models

Pyramidal HBM =

“a single stack of plates with a single observed data at the bottom”
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Graphical overview: no colliding plates

YES NO
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The notion of a RV’s hierarchy

A

B

CHierarchy 0

Hierarchy 1

Hierarchy 2

Hierarchy = 
How “high” is a RV in 
the pyramid
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Graphical overview: unique observed data at last hierarchy

YES NO

= observed= latent
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ADAVI: 2 main building blocks

● A hierarchical encoder (HE) that encodes the observed data X 
across multiple hierarchies

● A set of conditional density estimators that approximate the 
posterior distribution

We’ll review sequentially those  items
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Part 2
Methodological overview
Subpart B: Hierarchical Encoder
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Hierarchical Encoder

● Sequentially contracts plates in the observed data X to produce multiple 
encodings

● One encoding per hierarchy level (later used for every RV that shares this 
hierarchy)

● Idea: exploit the i.i.d symmetry across a plate, using multiple stacked         Set 
Transformers (Lee et al. 2019)

Set Transformer = an attention-based neural network architecture that exploits the 
permutation invariance across a plate

The hierarchical encoder is responsible for the amortization of our variational family
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Graphical overview

                                     Hierarchy 2

                                     Hierarchy 1

A

B

D

C E1

E2

D

ST0

ST1

Set Transformers

Encodings

Generative HBM Hierarchical encoder

0 0

1 1

60



Function mapping for Set Transformers

● The set transformer ST0 contracts the plate P0 

● It does this operation in parallel across plate P1

This means that the parametrization of ST0 is shared for multiple 
operations: ST0 produces as many encodings as the cardinality of P1

This is an essential feature of our architecture: this is how we 
reduce our total number of parameters.
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Overview over the ground graph (ignoring C)

A

b1 b2

d11 d21

A

B

d22D d12

0

1

One single function ST0 produces the encoding   E1 = { e11 ; e12 } = { ST0(d11 , d12) ; ST0 (d21 , d22) }

e11 will be used to infer b1 and e12 will be used to infer b2
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grounding
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Part 2
Methodological overview
Subpart C: Conditional density estimators
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Conditional density estimators

We build a density estimator for every latent RV template. If for 
the generative HBM we have (D is observed):

Then we will have 3 different density estimators:

A

B

D

C

0

1
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Generative HBM

Graphical overview
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ST1
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1
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D
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0
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ADAVI architecture



Architecture of a density estimator (1/2)
A single density estimator is the combination of 2 items:

● a “universal” density estimator in the real unbounded space: for this we use 
Normalizing Flows (Rezende et al. 2016, Papamakarios et al. 2019)

○ a normalizing flow re-parametrizes a standard normal distribution into a more 
complex distribution

○ leveraging the normalizing flow litterature, we can obtain very expressive 
density estimators
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Architecture of a density estimator (2/2)
A single density estimator is the combination of 2 items:

● a link function to project the real unbounded space to the constrained space in 
which the RV evolves:

○ for instance the space of real positive numbers for a variance
○ or the simplex for a mixture parameter
○ etc...
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Function mapping for density estimators

● Similar to Set Transformers, density estimators are 
applied in parallel across plates

● For instance, the density estimator qB for the RV 
template B is applied in parallel across plate P1, 
sharing its parametrization for the inference of 
both b1 and b2

● We therefore infer b1 and b2 independently 
● For amortization purposes, the density estimation 

from qB is conditioned by the encoding E1:

A

B

1

A

b1 b2
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Overview over the ground graph (ignoring C)

A

b1 b2

d11 d21

A

B

d22D d12

0

1

One single function ST0 produces the encoding   E1 = { e11 ; e12 } = { ST0(d11 , d12) ; ST0 (d21 , d22) }

One single density estimator qb estimates both b1 and b2
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Overview of a density estimator

NFB qB

Both the normalizing flow and the link function are diffeomorphisms, allowing 
for density computation using the change-of-variable formula (Papamakarios 

et al. 2019)

E1
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Putting estimators together

We combine the individual density estimators using a mean field approximation:

This means that we don’t model statistical dependencies in the posterior between 
different RV templates. This is an implementation choice, not a necessity for our 
architecture.

Inside the resulting variational family, we then optimize for q:
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General overview of the ADAVI architecture

Rouillard et al. 2021 72



see https://github.com/NeuroLang/adavi
and TFP Dillon et al. (2017)
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Part 3
Experimental results
Subpart A: Gaussian random effects
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Baseline of comparison

Exploiting the structure of the forward HBM, we factorize the parameter space into 
multiple sub-spaces, corresponding to multiple NF blocks.

We furthermore solve in parallel multiple similar inference tasks (across a plate) 
using a common conditional density estimator.

Our point of comparison is a single “big” NF that wouldn’t exploit this structure and 
simply model the joint distribution for θ:

● For instance (S)NPE-C (Greenberg et al. 2019)
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The forward HBM: Gaussian random effects

● We consider a population mean μ in dimension D=2
● From a Gaussian distribution centred on μ, we draw G=3 

group means μ1, μ2 and μ3
● For every group 1, 2, 3, we draw N=50 points from a 

gaussian centered on the group mean μ1, μ2, μ3 to obtain 
the observed data X

The goal:

infer the posterior distribution of μ1, μ2, μ3 and μ given X

There are 2 plates and 3 levels of hierarchy in this problem.
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2 different 
data points

samples for the 
G=3 groups

black circles
= theoretical
ground truth

colored points
= samples
from μ1, μ2, μ3 
posterior

black points = samples from μ posterior

Posterior samples for the 2 methods



Parameterization with respect to plate dimensionality

The total number of parameters to estimate grows with the plate size G: adding more groups means 
more group means to infer.

A NF’s parameterization scales quadratically with the size of the parameter space (e.g. Real NVP 
Dinh et al. 2017, FFJORD Grathwohl et al. 2018,  MAF Papamakarios et al. 2018)

In this example, the parametrization of a “single big NF” will be 

In comparison, our parameterization is

In the general case with M plates, we have               parameters vs 
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NPE-C ADAVI

G = 3 C2ST mean (std) 1.00 (0.00) 0.70 (0.10)

# Parameters 42k 13k

Computing time 
(CPU)

1d 20 m (1m on GPU)

G = 15 C2ST mean (std) 1.00 (0.00) 0.70 (0.17)

# Parameters 85k 13k

Computing time 
(CPU)

4.9d 99m

G = 30 C2ST mean (std) 1.00 (0.00) 0.85 (0.17)

# Parameters 138k 13k

Computing time 
(CPU)

7.6d 166m

See benchmark from Lueckmann et al. (2021) for Classifier 2-Sample Test (C2ST) metric 79



Part 3
Experimental results
Subpart B: Neuroimaging experiment
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wikipedia

Broca’s area functional parcellation
● We consider Broca’s area in the Inferior Frontal Gyrus, traditionally 

associated to language
● Broca’s area can be anatomically split into 2 parts                 (pars 

triangularis and pars opercularis). Our goal is to recover that binary 
split using a functional parcellation based on f-MRI data

● We consider connectivity vectors = how is a given brain vertex 
“wired” to the rest of the brain (functional definition)

● Data from the Human Connectome Project (HCP) (Van Essen et al. 
2012) preprocessed with the help of Dr. Thomas Yeo and Dr. Ru 
Kong (CBIG)



Multiple scales of variability
We adapt the MS-HBM from Kong et al. (2018):

○ we consider 2 distinct population connectivity networks μ1g and μ2g

○ each subject’s connectivity networks μ1s and μ2s vary from the 
population networks

○ the connectivity networks of an individual can vary across time, 
resulting in session connectivity networks μ1st and μ2st

○ for a given subject and session, a given brain vertex can express a 
connectivity Xst as a variation of one of the 2 connectivity networks 
(mixture model)

○ a given vertex therefore has a label corresponding to the network it 
belongs to (1 or 2)

All this variability is encompassed into a single hierarchical model, with a 
probabilistic treatment: this showcases the strength of the Bayesian 
approach.
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Total: 300k parameters !



Barriers to entry for experimenters

● Though Bayesian methods are appealing, inference usually requires a lot of work, and strong 
methodological knowledge: analytical derivations, lengthy method building and tuning, etc...

● In the original implementation, Kong et al. use a manually-derived EM procedure (with pages of 
equations)

● Furthermore, the very high dimensionality of the parameter space prohibits any naive approach, 
doubling down on the methodological knowledge required

With ADAVI, we place ourselves in the line of automatic VI, seamless to use for experimenters once the 
forward model has been expressed in a modern probabilistic framework (TFP Dillon et al. 2017).

Our exploitation of plates allows us to perform inference efficiently in a data regime where existing 
methods would quickly become intractable
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● “red-ish” and “blue-ish” parts represent 
posterior probability for the vertex’ 
network label

● “white-ish” means uncertainty

colored spots mark the top 99% 
of connectivity for both networks 
(red and blue)

“wiring” to the rest of the cortex
“functional cartography” for the cortex
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3 different parcellations for 3 different subjects

3 different pair of networks for 3 different subjects



Part 4
Conclusive remarks
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Methodological extensions

● ADAVI leverages a simple principle: the i.i.d symmetry introduced by plates 
is translated into a shared parametrization both for encoding and density 
estimation

● Many limiting implementation details (not tied to the method in itself) can be 
relaxed:

○ the pyramidal class of models
○ the mean-field approximation
○ the non-sequentiality of inference (see SBI Cranmer et al. (2020))
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Insights into inference

● ADAVI is an example of the gains from exploiting structure in an inference 
problem. It does so to reduce its parametrization rather than boosting its 
performance.

● More generally, the idea of ADAVI is to derive an Structured Variational family 
from a graph template, to exploit symmetries that exist in a ground graph

● That general line of thinking (shared in structured VI) is a promising road to 
more and more effective (automatic) Variational Inference

We tackled a complex real-life neuroimaging experiment with a fully Bayesian 
treatment, advancing the capabilities of Bayesian methods and making them 
more experimenter-friendly.
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Thank you for your attention !
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