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Maximum Flow Problem

Find the flow with the
maximum value !!

z(s,v)EA ﬂOW((S,V))

) z(u,s.)EA flow((u,s))

First suggestion to solve this problem !!



Passing Flow through s-t Paths

Find an s-t path where
flow(a) < c(a) for all arcs

Pass maximum allowable
flow through the arcs
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Passing Flow through s-t Paths

Find an s-t path where
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Passing Flow through s-t Paths

Find an s-t path where

4 2 flow(a) < c(a) for all arcs

No more paths. Stop.

Will this give us maximum flow? NO !l



Passing Flow through s-t Paths

Find an s-t path where
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Passing Flow through s-t Paths

Find an s-t path where
flow(a) < c(a) for all arcs

No more paths. Stop.

Another method?

Incorrect Answer !!



Outline

* Preliminaries

 Maximum Flow
— Residual Graph



Residual Graph

Arcs where flow(a) < c(a)



Residual Graph

2 2

Including arcs to s and from t is not necessary
Inverse of arcs where flow(a) > 0



Maximum Flow using Residual Graphs

Start with zero flow.



Maximum Flow using Residual Graphs

Find an s-t path in the residual graph.



Maximum Flow using Residual Graphs

For inverse arcs in path, subtract flow K.



Maximum Flow using Residual Graphs

2 2

Choose maximum allowable value of K.
For forward arcs in path, add flow K.



Maximum Flow using Residual Graphs

Update the residual graph.



Maximum Flow using Residual Graphs

Find an s-t path in the residual graph.



Maximum Flow using Residual Graphs

2 2

Choose maximum allowable value of K.
Add K to (s,v,) and (v,,t). Subtract K from (v,,v,).



Maximum Flow using Residual Graphs

Update the residual graph.



Maximum Flow using Residual Graphs

Find an s-t path in the residual graph.



Maximum Flow using Residual Graphs

No more s-t paths. Stop.



Maximum Flow using Residual Graphs

Correct Answer.
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History of Maxflow Algorithms

Augmenting Path and Push-Relabel

year | discoverer(s) | bound

1951 | Dantzig O(n?mU)

1955 | Ford & Fulkerson O(m?2U)

1970 | Dinitz O(n°m)

1972 | Edmonds & Karp O(m?logU)

1973 | Dinitz O(nmlogU)

1974 | Karzanov O(n>)

1977 | Cherkassky O (n?m1/?)

1980 | Galil & Naamad O(nmlog?n)

1983 | Sleator & Tarjan O(nmlogn)

1986 | Goldberg & Tarjan O(nmlog(n?/m))

1987 | Ahuja & Orlin O(nm + n?logU)

1987 | Ahuja et al. O(nmlog(ny/logU/m))
1989 | Cherivan & Hagerup | E(nm + n?log®n)
1990 | Cheriyan et al. O(n3/logn)

1990 | Alon O(nm 4+ n®73logn)
1992 | King et al. O (nm + n°7°)

1993 | Phillips & Westbrook | O(nm(10g,,,, n + 10g°Tn))

1994

King et al.

O(nm109,,, /(n10gn) ™)

1997

Goldberg & Rao

O(m3/2 |Og(112‘;"111) logU)
O(n?/3m |Og(112/,.f"m) log U)

n: #nodes
m: #edges

U: maximum
edge weight

Algorithms
assume non-
negative edge

weights

[Slide credit: Andrew Goldberg]



History of Maxflow Algorithms

Augmenting Path and Push-Relabel

discoverer(s)

1972 | Edmonds & Karp O(m=logU)

1973 | Dinitz O(nmlogU)

1974 | Karzanov O(n>)

1977 | Cherkassky O (n?m1/?)

1980 | Galil & Naamad O(nmlog? n)

1983 | Sleator & Tarjan O(nmlogn)

1986 | Goldberg & Tarjan O(nmlog(n?/m))

1987 | Ahuja & Orlin O(nm + n?logU)

1987 | Ahuja et al. O(nmlog(ny/logU/m))
1989 | Cherivan & Hagerup | E(nm + n?log®n)

1990 | Cheriyan et al. O(n3/logn)

1990 | Alon O(nm 4+ n®73logn)

1992 | King et al. O (nm + n°7°)

1993 | Phillips & Westbrook | O(nm(10d,,/, n 4 109" n))
1994 | King et al. O(nm109,,, /(n10gn) ™)
1997 | Goldberg & Rao O(m3/?log(n?/m)logU)

O (n?/P*mlog(n?/m)log U)

n: #nodes
m: #edges
U: maximum

- edge weight

Algorithms
assume non-
negative edge

weights

[Slide credit: Andrew Goldberg]



Augmenting Path based Algorithms

Ford Fulkerson: Choose any augmenting path

Source
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Augmenting Path based Algorithms

Ford Fulkerson: Choose any augmenting path

Source
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Augmenting Path based Algorithms

Ford Fulkerson: Choose any augmenting path




Augmenting Path based Algorithms

n: #nodes
Ford Fulkerson: Choose any augmenting path m: #edges

Source

0
#
JOramdol

'
\
10(&‘< AQQ
B sink

We will have to perform 2000 augmentations!

Worst case complexity: O (m x Total_Flow)
(Pseudo-polynomial bound: depends on flow)



Augmenting Path based Algorithms

n: #nodes
Dinitz: Choose shortest augmenting path m: #edges

Source

Worst case complexity: O (m n?)



Maxflow in Computer Vision

« Specialized algorithms for vision
problems ®
— Grid graphs
— Low connectivity (m ~ O(n)) ¢

 Dual search tree augmenting path
algorithm
[Boykov and Kolmogorov PAMI 2004]

* Finds approximate shortest
augmenting paths efficiently

« High worst-case time complexity

« Empirically outperforms other
algorithms on vision problems

« Efficient code available on the web
e.g., http://pub.ist.ac.at/~vnk/software.html
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