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Organization

7 lectures of 3 hours each
— Today + 30/1, 6/2, 13/2,5/3, 12/3, 19/3

13:30—-16:45 with a short break or two
Last lecture; 19t March

Subscribe to the mailing list:
https://sympa.inria.fr/sympa/subscribe/grmdil



https://sympa.inria.fr/sympa/subscribe/grmdil

Requirements

* Solid understanding of mathematical models
— Linear algebra
— Integral transforms

— Differential equations

* |deally, a basic course in discrete optimization



Topics covered

Basic concepts, Bayesian networks, Markov
random fields

Inference algorithms: belief propagation, tree-
reweighted message passing, graph cuts, move-
making algorithms, Parameter learning

Deep learning in graphical models, graph neural
networks, other recent advances

Causality



Evaluation

Projects
In groups of at most 3 people

Report and presentation — Dates TBD (last
week of March)

Topics: your own or see list next week



What you will learn?

e Fundamental methods
e Real-world applications

* Also, pointers to using these methods in your
work



Your tasks

* Following the lectures and participating actively
* Reading the literature

* Doing well in the project



Graphical Models ?
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JUDEA PEARL

United States — 2011
ITATION

For fundamental contributions to artificial intelligence through the
development of a calculus for probabilistic and causal reasoning.
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Judea Pearl created the representational and computational foundation for the processing of information under
uncertainty.
September 4, 1936, Tel Aviv. He is credited with the invention of Bayesian networks, a mathematical formalism for defining complex probability
EDUCATION models, as well as the principal algorithms used for inference in these models. This work not only revolutionized

the field of artificial intelligence but also became an important tool for many other branches of engineering and
the natural sciences. He later created a mathematical framework for causal inference that has had significant
impact in the social sciences.

B.S., Electrical Engineering (Technion,
1960); M.S., Electronics (Newark College
of Engineering, 1961); M.S., Physics

Slide courtesy: Dhruv Batra



What this class is about?

 Making global predictions from local
observations

Inference

* Learning such models from large quantities of
data

Learning



Motivation

* Consider the example of medical diagnosis

Predisposing factors
Symptoms
Test results

l

>
| : \&\\ Diseases

Treatment outcomes

Slide inspired by PGM course, Daphne Koller



Motivation

* Avery different example: image segmentation

Millions of pixels
Colours / features

sky l
bldg

foreground

Pixel labels
{building, grass, cow, sky}

e.g., [He et al., 2004; Shotton et al., 2006; Gould et al., 2009] Slide inspired by PGM course Daphne Koller



Motivation

 What do these two problems have in common?

sky
bldg

foreground

Slide inspired by PGM course, Daphne Koller



Motivation

What do these two problems have in common?
— Many variables

— Uncertainty about the correct answer

Graphical Models (or Probabilistic Graphical Models)
provide a framework to address these problems

Slide inspired by PGM course, Daphne Koller



(Probabilistic) Graphical Models

* First, it is a model: a declarative representation

 Can also define the model
— with domain knowledge i
— from data
/Learning

Domain expertm

_ Algorithm
Algorithm HAlgorithm

Slide inspired by PGM course, Daphne Koller




(Probabilistic) Graphical Models

* Why probabilistic ?
* To model uncertainty

* Uncertainty due to:

— Partial knowledge of state of the world
— Noisy observations

— Phenomena not observed by the model
— Inherent stochasticity

Slide inspired by PGM course, Daphne Koller



(Probabilistic) Graphical Models

* Probability theory provides
— Standalone representation with clear semantics
— Reasoning patterns (conditioning, decision making)

— Learning methods

Slide inspired by PGM course, Daphne Koller



(Probabilistic) Graphical Models

* Why graphical ?
* |Intersection of ideas from probability theory

and computer science
— To represent large number of variables

Predisposing factors
Symptoms
Test results

Millions of pixels
Colours / features

Random variables Y, Y,, .., Y,

Goal: capture uncertainty through joint distribution P(Y,,...,Y,)

Slide inspired by PGM course, Daphne Koller



Probabilistic) Graphical Models

Directed
Factor
Graph

Graphical
Models

age Credit: David Barber




(Probabilistic) Graphical Model

 Examples
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Bayesian network Markov network
(directed graph) (undirected graph)

Figure courtesy: D. Koller



(Probabilistic) Graphical Model

 Examples
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Segmentation network (Courtesy D. Koller)

Diagnosis network: Pradhan et al., UAI'94



(Probabilistic) Graphical Model

* |Intuitive & compact data structure

e Efficient reasoning through general-purpose
algorithms

* Sparse parameterization
— Through expert knowledge, or
— Learning from data

Slide inspired by PGM course, Daphne Koller



(Probabilistic) Graphical Model

* Many many applications
— Medical diagnosis
— Fault diagnosis
— Natural language processing
— Traffic analysis
— Social network models
— Message decoding
— Computer vision: segmentation, 3D, pose estimation
— Speech recognition
— Robot localization & mapping

Slide courtesy: PGM course, Daphne Koller



Image segmentation

No graphical model With graphical model

Sturgess et al., 2009



Multi-sensor integration: Traffic

. Learn from historical data to make predictions

Route optimization

Slide courtesy: Eric Horvitz



Going global: Local ambiguity

* Text recognition

TAE CRI

Smyth et al., 1994

Slide courtesy: Dhruv Batra



Going global: Local ambiguity

e Textual information extraction

e.g., Mrs. Green spoke today in New York. Green
chairs the financial committee.
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Slide courtesy: PGM course, Daphne Koller



Overview

* Representation
— How do we store P(Y,...Y,)
— Directed and undirected (model implications/assumptions)

* Inference
— Answer questions with the model
— Exact and approximate (marginal/most probable estimate)

* Learning
— What model is right for data

— Parameters and structure Slide inspired by D. Batra, D. Koller ’s courses



First, a recap of basics



Graphs

* Concepts
— Definition of G
— Vertices/Nodes
— Edges
— Directed vs Undirected
— Neighbours vs Parent/Child
— Degree vs In/Out degree
— Walk vs Path vs Cycle



GGGGGG



Special graphs

* Trees: undirected graph, no cycles

e Spanning tree: Same set of vertices, but
subset of edges, connected and no cycles
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Slide courtesy: D. Batra



Directed acyclic graphs (DAGS)




Joint distribution

e 3 variables I ) G Prob.
0 0 1
— Intelligence (1) . :o gz g:iég
— Difficulty (D) - & 9 0.126
0 d! g' 0.009
— Grade (G) o d! g2 0.045
0 d g3 0.126
i! d° g’ 0.252
i d° g2 0.0224
i! d° g° 0.0056
il d! g! 0.06
i d! 92 0.036
i! d! g 0.024

Example courtesy: PGM course, Daphne Koller



Conditioning

» Condition on g! I b & [ Prob.
i© d° g’ 0.126
0 d % 0.168
i d° g 0.126
0 Ji g' 0.009
i© d! g° 0.045
i© d! g° 0.126
i! d° g’ 0.252
i do % 0.0224
il o g° 0.0056
il dt g! 0.06
i dt g 0.036
i! d! g 0.024

Example courtesy: PGM course, Daphne Koller



Conditioning

P(Y=y | X=x)
Informally,
— What do you believe about Y=y when | tell you X=x ?

P(France wins Euro 2024) ?

What if | tell you:
— France almost won the world cup 2022
— Hasn’t had catastrophic results since ©

Slide based on D. Batra’s course



Conditioning: Reduction

» Condition on g? I 5 & | Prob.
i© d° g’ 0.126
0 Ji gl 0.009
i! d° g* 0.252
i dt gl 0.06

Example courtesy: PGM course, Daphne Koller



Conditioning: Renormalization

¢ D G Prob.

i© d° g’ 0.126

0 d! g' 0.009

i! d° g’ 0.252

o g! 0.06
P(T. D, g")

Unnormalized measure

Example courtesy: PGM course, Daphne Koller

I D Prob.
i© d° 0.282
:‘ 0 d! 0.02
it d° 0.564
il u d! | 0.134
P(I,D | gV




Conditional probability distribution

* Example P(G | I, D)

°d°] 03| 04| 0.3
°d'1 0.05| 025 0.7
i1,d°f 09| 0.08| 0.02
itag'l 051 03] 02

Example courtesy: PGM course, Daphne Koller



Conditional probability distribution

p(X.Y | 2)

X
p(z,y, 2)
p(2)

Dl | £ =2) =

Slide courtesy: Erik Sudderth



Marginalization

P(I,D) Marginalize T

I D Prob.

0 0

. T o0 lzr:} 7T o8
i’ d° 0564 | T— T g 0.154
! d 0.134 |—

Example courtesy: PGM course, Daphne Koller




Marginalization

* Events
— P(A) = P(A and B) + P(A and not B)

e Random variables
— P(X=x)=EP(X=x,Y=y)

Slide courtesy: Dhruv Batra






