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What this work is about
@ a few attempts of supervised feature learning;
@ dictionary learning adapted to other tasks than reconstruction;

@ (some links between sparse coding and neural networks).

Applications
@ nonlinear inverse image problems;

o digits/patch/image classification;
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Outline

@ Quick Introduction to Dictionary Learning

© Two Layers Model for Regression and Classification

© Applications
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@ Quick Introduction to Dictionary Learning
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What is a Sparse Linear Model?

Let x in R™ be a signal.

02
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Let D = [dy,...,dp] € R™*P be a set of 3 A
normalized “basis vectors” . M
We call it dictionary. UV 4

D is “adapted” to x if it can represent it with a few basis vectors—that
is, there exists a sparse vector « in RP such that x ~ Da. We call

the sparse code.
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The Sparse Decomposition Problem

o1
min Zlx—Dal} + ()
acRr 2 N——
sparsity-inducing

data fitting term regularization

1) induces sparsity in . It can be
o the £y “pseudo-norm”. |lallo £ #{i s.t. a[i] # 0} (NP-hard)
o the {1 norm. |ja|; £ P 1 ledi]| (convex),
° ...

This is a selection problem. When v is the £1-norm, the problem is
called Lasso [Tibshirani, 1996] or basis pursuit [Chen et al., 1999]
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The Dictionary Learning Problem

Given training signals X = [x1,...,X,], e.g., natural image patches
. 1 >
min ~||Ixi — Daj||5 + A\ (ev))
a;,DeD 4~ 2 ——
! v sparsity

reconstruction
Originally introduced by Olshausen and Field [1996].
The matrix factorization view

. 1
min =

X — DAJZ2 + Mp(A).
AE]RPXH,DEDQI I + Ay(A)

Other related matrix factorization problems: vector quantization,
non-negative matrix factorization, principal component analysis,
probabilistic topic models, independent component analysis...
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Dictionary Learning of Natural Image Patches

Grayscale vs color image patches
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Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 x 8 patches y;.
@ Solve a matrix factorization problem:

n

. 1 )
B 2 5llyi = Dexifly + A (exi),
= h\/—/

. sparsity
reconstruction

with n > 100,000
@ Average the reconstruction of each patch.
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Dictionary Learning for Image Restoration

Denoising: [Elad and Aharon, 2006]
Inpainting: [Mairal, Sapiro, and Elad, 2008c]
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Dictionary Learning for Image Restoration
[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2009]

§
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Previous work: Learning Discriminative Dictionaries
[Mairal et al., 2008b]

Dictionaries can be tuned for classification tasks

@ learns the local appearance of objects, textures and edges in images.

@ heuristic optimization.
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Previous work: Learning Discriminative Dictionaries
Examples of dictionaries

Top: reconstructive; bottom: discriminative; left: bicycle;
right: background.
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Outline

© Two Layers Model for Regression and Classification
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Two Layers Models

Use the sparse codes o as feature representation.
[Raina et al., 2007, Mairal et al., 2008b, Bradley and Bagnell, 2008]

Weights W — Output y

Dictionary D )  Sparse codes a

Input vector x
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Two Layers Models

Use the sparse codes o as feature representation.
[Raina et al., 2007, Mairal et al., 2008b, Bradley and Bagnell, 2008]

Weights W — Output y

Dictionary D )  Sparse codes a

Sparse Coding Layer

Input vector x
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Two Layers Models

Use the sparse codes o as feature representation.
[Raina et al., 2007, Mairal et al., 2008b, Bradley and Bagnell, 2008]

Weights W

Supervised Learning
Layer
Dictionary D Sparse codes o

Output y

Input vector x
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Two Layers Models

Given a training set (X;,¥;)i=1....n,

First layer: Dictionary Learning

R L |
aTSEDﬁziﬂxf—Da;ll%+A||a,-||1.

1=

This is an unsupervised learning formulation.

Second layer: Supervised Learning
1S Y 2
min — ; L(yi,Way;) + §||W”F7

L is an appropriate loss function (often convex).
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Two Layers Models

@ Unsupervised Feature Learning is often suboptimal for
supervised learning tasks
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Two Layers Models

@ Unsupervised Feature Learning is often suboptimal for
supervised learning tasks

@ ...but supervised feature learning is hard.

Weights W — Output y

Supervised Dictionary
Learning?

Dictionary D _) Sparse codes o

Input vector x
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Supervised Feature Learning in the Literature

o backpropagation in the neural network literature (70's); [see
LeCun et al., 1998];

@ supervised fine-tuning of convolutional neural networks, deep
networks, restricted boltzmann machines;

@ supervised topic models [Blei and McAuliffe, 2008];

@ supervision in sparse coding formulations [Mairal et al., 2008a,b,
2012, Bradley and Bagnell, 2008, Boureau et al., 2010, Yang et al.,
2010b],.. .;

° ...
How do we build a backpropagation rule for dictionary learning?

Note that Bradley and Bagnell [2008] already use the terminology
“backpropagation” for sparse coding.
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Backpropagation rule for sparse coding

Original Formulation:

v 2
L(yi, Wa*(x;, D)) + = ||W|[2,
angpni (yi, Wa*(x ))+2H IE
where

a*(x,D) £ argmin *HX— Da/[3 + Al

acRP

Other techniques used for classification tasks

o Bradley and Bagnell [2008]: smooth approximation + implicit
differentiation 4 gradient descent.

@ Boureau et al. [2010], Yang et al. [2010b]: heuristic implicit
differentiation + gradient descent.
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Backpropagation rule for sparse coding

Formulation with expected cost

’Y
o, By [Lly. War'(x, D))} + 3 [WI,

F(DW)

where

a*(x, D) = argmin f||x — DaHz + Ml + —Ha”z

acRP

the elastic-net [Zou and Hastie, 2005] brings more stability than ¢; and
ensures some regularity (Lipschitz continuity) of the function a*.
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Main Result

Differentiability and gradients of f

Under a few technical assumptions (the probability distribution of (y, x)
admits a continuous density with compact support, L is twice
differentiable), the function f is differentiable, and

Vwf(D, W) = Ey,[VL(y, Wa*)a*T],
Vpf(D,W) = E,[-DB*a*" + (x — Da*)3* "],

and 3* is a vector in RP that depends on y, x, W, D with
Bic =0 and Bj = (DADa + Xol)'W, VL(y, Wa*),

where A denotes the indices of the nonzero coefficients of a*.
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Main Result

Differentiability and gradients of f

Under a few technical assumptions (the probability distribution of (y, x)
admits a continuous density with compact support, L is twice
differentiable), the function f is differentiable, and

Vwf(D, W) = Ey,[VL(y, Wa*)a*T],
Vpf(D,W) = E,[-DB*a*" + (x — Da*)3* "],

and 3* is a vector in RP that depends on y, x, W, D with
Bic =0 and Bj = (DADa + Xol)'W, VL(y, Wa*),

where A denotes the indices of the nonzero coefficients of a*.

—> stochastic gradient descent
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Practical Implementation

Learning rule:
W W — o (VL(ye, Wa})a " + W),
D « Mp|D — pe( — DBa;" + (x: — Da?)B:")],

A few tricks
@ use mini-batches;
@ initialize with unsupervised dictionary learning [Mairal et al., 2010];
@ try different learning steps for a few iterations before choosing one;
@ rescale the data;
@ use homotopy algorithm to compute a*, and get 3* for free;

o first try Ao = 0, if the algorithm diverges, use \» > 0.

see the backpropagation literature [LeCun et al., 1998]
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Outline

© Applications
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Application - Multivariate Regression

Problem
Signals x; from an input space X’ are associated to transformed signals y;
from an output space ) and we want to learn the inverse transformation.

Formulation
11
=Y Zlyi — Wat(x;,D)|13
Wi 1_12||y, a(x;, D)|I2

Interpretation

D and W can be interpreted as linked dictionaries, one in the input
space of the x;'s, one in the output space of the y;'s.

Image reconstruction with a patch-based approach.
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Inverse half-toning
Original
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Inverse half-toning

Reconstructed image

4
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Inverse half-toning

Reconstructed image
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Linked Dictionaries
Without Backpropagation
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Figure: Left: D; right: W
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Linked Dictionaries
With Backpropagation
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Figure: Left: D; right: W
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Inverse half-toning
Original
13 File Options
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Inverse half-toning

Reconstructed image
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Inverse half-toning
Original
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Inverse half-toning

Reconstructed image
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Inverse half-toning
Original

By Jonathan Gay &Mﬁrk STEphEﬂ FIETEE R e

Julien Mairal, UC Berkeley Backpropagation Rules for Sparse Coding 37/57



Inverse half-toning




Inverse half-toning
Original

i {
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Inverse half-toning

Reconstructed image
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Inverse half-toning

Table: Inverse halftoning. Results are in PSNR. SA-DCT refers to [Dabov
et al., 2006], LPA-ICI to [Foi et al., 2004], FIHT2 to [Kite et al., 2000] and

WInHD to [Neelamani et al., 2009].

Test set
Image 1 2 3 4 5 6 7 8
FIHT2 | 245 | 28.6 | 295 | 28.2 | 29.3 | 26.0 | 25.2 | 24.7
WInHD | 257 | 29.2 | 29.4 | 28.7 | 29.4 | 28.1 | 25.6 | 26.4
LPA-ICI | 25.6 | 29.7 | 30.0 | 29.2 | 30.1 | 28.3 | 26.0 | 27.2
SA-DCT | 27.0 | 30.1 | 30.2 | 29.8 | 30.3 | 28,5 | 26.2 | 27.6
Ours 26.6 | 30.2 | 30.5 | 29.9 | 30.4 | 29.0 | 26.2 | 28.0
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Deblurring and Superresolution
Couzinie-Devy et al., 2011

Brief Summary

@ jointly learns low- and high-res dictionaries [Yang et al., 2010a,
Zeyde et al., 2012] but brings backpropagation to these approaches;

@ combines linear and non-linear models;

@ competitive with the state of the art for non-blind image deblurring
and image superresolution;
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Digital Zooming

[Couzinie-Devy et al., 2011], Original
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Digital Zooming

[Couzinie-Devy et al., 2011], Bicubic
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Digital Zooming

[Couzinie-Devy et al., 2011], Result
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Digital Zooming

[Couzinie-Devy et al., 2011], Original
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Digital Zooming

[Couzinie-Devy et al., 2011], Bicubic

-
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Digital Zooming

[Couzinie-Devy et al., 2011], Result
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Image Deblurring
[Couzinie-Devy et al., 2011], Original
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Image Deblurring

[Couzinie-Devy et al., 2011], Blurry and Noisy
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Image Deblurring
[Couzinie-Devy et al., 2011], Result

Julien Mairal, UC Berkeley Backpropagation Rules for Sparse Coding 51/57



Image Deblurring
[Couzinie-Devy et al., 2011], Original
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Image Deblurring
[Couzinie-Devy et al., 2011], Blurry and Noisy
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Image Deblurring

[Couzinie-Devy et al., 2011], Result

b

o
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Application - Classification - Digit Recognition

D unsupervised supervised

p 50 | 100 | 200 | 300 50 | 100 | 200 | 300
MNIST || 5.27 | 3.92 | 295 | 236 || 96 | .73 | .57 | .54
USPS | 8.02 | 6.03 | 5.13 | 458 || 3.64 | 3.09 | 2.88 | 2.84

Table: Results similar to Ranzato et al. [2007] for MNIST. We extend the
training set with shifted versions of the digits by one pixel.

Digit recognition with unlabeled data

0.12 : ‘ ‘ ‘ ‘ ‘ ‘
0.7 ——n=300 |
: —6-n=1000
£ 0.08f —$—n=5000]]
5 0.062* * 5 —— 3¢ % 3¢ %
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A few Empirical Conclusions

Advantages

@ in some cases, backpropagation (fine-tuning) significantly improves
the prediction performance;

@ achieves better or same performance with smaller dictionary sizes
(implies faster prediction at test time);

Drawbacks
@ non-convex;

@ learning is more difficult;

@ in some cases, the prediction performance does not improve.

This approach would benefit from good novel heuristics for
automatically choosing the learning rate.
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Advertisement SPAMS toolbox (open-source)

()

C++ interfaced with Matlab, R, Python.

proximal gradient methods for /g, /1, elastic-net, fused-Lasso,
group-Lasso, tree group-Lasso, tree-{y, sparse group Lasso,
overlapping group Lasso, trace norm...

©

...for square, logistic, multi-class logistic loss functions.
handles sparse matrices, provides duality gaps.

fast implementations of OMP and LARS - homotopy.
dictionary learning and matrix factorization (NMF, sparse PCA).

coordinate descent, block coordinate descent algorithms.

e © © 6 ¢ ¢

fast projections onto some convex sets.

Try it! http://www.di.ens.fr/willow/SPAMS/
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