Représentations parcimonieuses pour le
traitement d’image et la vision artificielle

Julien Mairal

Department of Statistics, University of California, Berkeley
INRIA - projet Willow, Paris

ZIINRIA

Journées ORASIS, Praz-sur-Arly
7 Juin 2011

Julien Mairal Journées ORASIS 2011 1/97



Remerciements

Francis Jean Rodolphe Guillaume  Guillermo
Bach Ponce Jenatton Obozinski Sapiro

Miki Andrew Florent Y-Lan Willow
Elad Zisserman Couzinié-Devy  Boureau people

Julien Mairal Journées ORASIS 2011



What is this lecture about?

o Why sparsity, what for and how?
@ Signal and image processing: Restoration, reconstruction.
o Machine learning: Selecting relevant features.

o Computer vision: Modelling image patches and image
descriptors.

o Optimization: Solving challenging problems.
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@ mage Processing Applications
© Sparse Linear Models and Dictionary Learning

9 Computer Vision Applications
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@ mage Processing Applications
@ Image Denoising
@ Inpainting, Demosaicking
® Video Processing
@ Other Applications

9 Sparse Linear Models and Dictionary Learning

© Computer Vision Applications
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The Image Denoising Problem

y — Xorig + W

measurements original image noise
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Sparse representations for image restoration

= Xori + w
y orig \ ,

measurements original image noise

Energy minimization problem - MAP estimation

1
E)= " Sly-xlIz + Pr(x)
& ——

. image model (-log prior
relation to measurements g ( g P )

Some classical priors

@ Smoothness \||£x||3
@ Total variation \||Vx|?
@ MREF priors

o ...
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What is a Sparse Linear Model?

Let x in R™ be a signal.

02

700 400 600 800 1000 1200 1400 1600 7800 Z0m

Let D = [dy,...,dp] € R™*P be a set of /{".
normalized “basis vectors” . o C
We call it dictionary. SUUY 4

D is “adapted” to y if it can represent it with a few basis vectors—that
is, there exists a sparse vector ¢ in RP such that y ~ Da. We call «
the sparse code.

afl]

af2]
y| = dy [dy | - | dp :

alp]
yeRm DeRmXp

——
acRe,Sparse
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First Important Idea

Why Sparsity?
A dictionary can be good for representing a class of
signals, but not for representing white Gaussian noise.
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The Sparse Decomposition Problem

1

— D A
ngmgp\\ly alli +  M(a)
sparsity-inducing
regularization

data fitting term

1) induces sparsity in «. It can be
o the £y “pseudo-norm”. |lallo = #{i st. afi] # 0} (NP-hard)
o the 1 norm. |ally = 2P, |a[i]] (convex),
° ...

This is a selection problem. When ) is the £1-norm, the problem is
called Lasso [Tibshirani, 1996] or basis pursuit [Chen et al., 1999]
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Sparse representations for image restoration

Designed dictionaries
[Haar, 1910], [Zweig, Morlet, Grossman ~70s|, [Meyer, Mallat,
Daubechies, Coifman, Donoho, Candes ~80s-today]. .. (see [Mallat,

1999])
Wavelets, Curvelets, Wedgelets, Bandlets, ... lets

Learned dictionaries of patches

[Olshausen and Field, 1997], [Engan et al., 1999], [Lewicki and
Sejnowski, 2000], [Aharon et al., 2006] , [Roth and Black, 2005], [Lee
et al., 2007]

a,-,DED -
1

) 1
min 3™ > llyi — Dexil + M)
——
~—_——

. sparsity
reconstruction

o Y(a) = |lafjo (4o pseudo-norm”)
o () = ||y (¢1 norm)
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Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 x 8 patches vy;.
o Solve a matrix factorization problem:

n

_ 1
oI 2 gl — Dol du(en),
. reconé;ﬁcﬂon

sparsity

with n > 100, 000

o Average the reconstruction of each patch.
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Sparse representations for image restoration
K-SVD: [Elad and Aharon, 2006]

Figure: Dictionary trained on a noisy version of the image
boat.

Julien Mairal Journées ORASIS 2011 13/97



Sparse representations for image restoration

Grayscale vs color image patches
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Sparse representations for image restoration

Inpainting, Demosaicking

. 1 2
0T 2 2101091 = Dz + Arv(e)

RAW Image Processing

White
—) baBlfar:I:(e' —) Denoising
substraction.
Conversion l

tg;':if' €= Demosaicking

correction.
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Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008d]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for video restoration

Key ideas for video processing
[Protter and Elad, 2009]
o Using a 3D dictionary.

o Processing of many frames at the same time.

o Dictionary propagation.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d)|

Figure: Inpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. 0 = 25
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
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Digital Zooming

Couzinie-Devy, 2010, Proposed method
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic
-
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Digital Zooming

Couzinie-Devy, 2010, Proposed approach
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Inverse half-toning
Original
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Inverse half-toning

Reconstructed image

-
| »
o 1 -
v ol
o
>
L
i
b I

Julien Mairal Journées ORASIS 2011 37/97



Inverse half-toning
Original
13 File Options

Julien Mairal




Inverse half-toning

Reconstructed image
r
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Inverse half-toning
Original

i Copyright @ 1987 by AcaodemuSoft-ELORG . Macimtosh Uersidm @ 1988 by Sphere, Inc.
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Inverse half-toning

Reconstructed image
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Inverse half-toning
Original
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Inverse half—toning




Inverse half-toning
Original
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Inverse half-toning

Reconstructed image
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Important messages
@ Patch-based approaches are achieving state-of-the-art results for
many image processing task.
@ Dictionary Learning adapts to the data you want to restore.

@ Dictionary Learning is well adapted to data that admit sparse
representation. Sparsity is for sparse data only.
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Next topics

@ A bit of machine learning.

@ Why does the £1-norm induce sparsity?

@ Some properties of the Lasso.

@ Links between dictionary learning and matrix factorization
techniques.

@ A simple algorithm for learning dictionaries.
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@ mage Processing Applications

© Sparse Linear Models and Dictionary Learning
@ The machine learning point of view
© Why does the ¢1-norm induce sparsity?
@ Dictionary Learning and Matrix Factorization

© Computer Vision Applications
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Sparse Linear Model: Machine Learning Point of View
Let (y",x")}’:1 be a training set, where the vectors x’ are in RP and are
called features. The scalars y' are in

o {—1,+1} for binary classification problems.
o {1,..., N} for multiclass classification problems.

@ R for regression problems.

In a linear model, on assumes a relation y ~ w'x (or y = sign(w ' x)),
and solves

min —Zé(y wix)+  Ah(w)

weRP n
_  regularization

data-fitting
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Sparse Linear Models: Machine Learning Point of View

A few examples:
n

: on: . i T2 2
Ridge regression: “rlréhgp%z;(y —w ' x')"+ A|wl3.
=

Linear SVM: - 0,1 —y'w'x") + \lw|3.
inear “rlréhganmax( y'w'x')+ Aljw||5

Logisti ion: =3 log (1 &™)
ogistic regression Mrlréhgp p Z og(l+e + A|wl|3.

The squared £>-norm induces smoothness in w. When one knows in
advance that w should be sparse, one should use a sparsity-inducing
regularization such as the ¢;-norm. [Chen et al., 1999, Tibshirani, 1996]

The purpose of the regularization is to add additional a-priori
knowledge in the regularization.
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Sparse Linear Models: the Lasso

@ Signal processing: D is a dictionary in R"*P,

min *Hy D3 + A1

aeRp 2
@ Machine Learning:
min iZn:(y"—X"TW)2+/\HW||1 = min iIIy—XTWII2+>\HWH1
weRP 21 4 weRP 2n 2 ’

i=1

with X £ [x!,...,x"], and y £ v, .. .,y""

Useful tool in signal processing, machine learning, statistics,. . .as long as
one wishes to select features.
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Why does the ¢1-norm induce sparsity?

Exemple: quadratic problem in 1D

1 2
in—(y— A
min 5(y — )" + Ala|
Piecewise quadratic function with a kink at zero.

Derivative at 0: g = —y+Xand 0_: g = —y — A\

Optimality conditions. « is optimal iff:
o |a] >0and (y —a)+ Asign(a) =0
o a=0andgy >0and g_ <0

The solution is a soft-thresholding:

a* = sign(y)(ly] = A"
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Why does the ¢1-norm induce sparsity?

(a) soft-thresholding operator (b) hard-thresholding operator
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Why does the ¢1-norm induce sparsity?

Analysis of the norms in 1D
P(a) = a? w(a)y

4’(@) =2«

The gradient of the #>-norm vanishes when a get close to 0. On its
differentiable part, the norm of the gradient of the /1-norm is constant.

¥ ()= -1, ¢(a)=1
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Why does the ¢1-norm induce sparsity?

Physical illustration

E;=0 E;

A

I
o

Yo
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Why does the ¢1-norm induce sparsity?

Physical illustration

E1 = %(YO—Y)z k( )
Es =F(w—y

Ex = mgy
E, =%y? y
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Why does the ¢1-norm induce sparsity?

Physical illustration

E = %(YO —y)?

E, =%y? y
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Why does the ¢1-norm induce sparsity?
Geometric explanation

X

Z|ly-D A
min ly - Dal3 + Allals

D t. <T.
min [ly = Da3 st [lafi <
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Important property of the Lasso

Piecewise linearity of the regularization path

coefficient values

1.5

Figure: Regularization path of the Lasso
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Optimization for Dictionary Learning

n

_ 1
min Z—Hy/'—DaiH%‘F)\HaiHl
acRP*M < 2

Dep =1

DE{DeR™? st. Vj=1,...,p, |dj]l2 <1}.

o Classical optimization alternates between D and .
o Good results, but slow!

o Instead use online learning [Mairal et al., 2009]
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Matrix Factorization Problems and Dictionary Learning

can be rewritten

where Y = [yy,...

n

. 1
min > Zly; — Dail3 + Aflexillx
agRPXn £ 2

Dep =1

min *HY Dol + A1,

acRPxn 2
DeD
,¥n] and a = a1, ..., o).
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Matrix Factorization Problems and Dictionary Learning
PCA

min f||Y Da|% st. D'D=1and ac’ is diagonal.
acRpPxn 2
DeRM*P
D = [dy,...,dp] are the principal components.
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Matrix Factorization Problems and Dictionary Learning

Hard clustering

1 P
min  =||Y —Da|% st. Vie{l,...,p}, o;[j] = 1.
Lmin__IY -~ Da? {Loph Y aili

DER™*P =1

D = [dy,...,d,] are the centroids of the p clusters.
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Matrix Factorization Problems and Dictionary Learning
Soft clustering

1 P
min =Y —Dallf, st Vie{l,...,p}, Y ailj]l=1.
OLERiX" 2

j=1
DER™*P

D =[dy,...,dp] are the centroids of the p clusters.
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Matrix Factorization Problems and Dictionary Learning

Non-negative matrix factorization [Lee and Seung, 2001]

1
min =[|Y — Dal/%
o €RAX” 2

DeRT*P

Julien Mairal Journées ORASIS 2011
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Matrix Factorization Problems and Dictionary Learning
NMF-+sparsity?

1
min  =|Y — Da|/% + \|a| 1.
o€RAX” 2

DeRT*?

Most of these formulations can be addressed the same types of
algorithms.
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Matrix Factorization Problems and Dictionary Learning
Natural Patches

(a) PCA (b) NNMF (c) DL
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Matrix Factorization Problems and Dictionary Learning

Faces

Journées ORASIS 2011
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Important messages
@ The /1-norm induces sparsity and shrinks the coefficients
(soft-thresholding)
@ The regularization path of the Lasso is piecewise linear.
@ Learning the dictionary is simple, fast and scalable.

@ Dictionary learning is related to several matrix factorization
problems.

Software SPAMS is available for all of this:
www.di.ens.fr/willow/SPAMS/.
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Next topics: Computer Vision

@ Intriguing results on the use of dictionary learning for bags of words.

@ Modelling the local appearance of image patches.
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@ mage Processing Applications
© Sparse Linear Models and Dictionary Learning

9 Computer Vision Applications
@ Learning codebooks for image classification
® Modelling the local appearance of image patches
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Learning Codebooks for Image Classification

Filtering l l l

| SIFT at keypoints | | dense gradients | | dense SIFT |
Coding J, l J,
| vector quantization | l vector quantization | | sparse coding |
Pooling l l l
| whole image, mean | | coarse grid, mean | |spatia|pyramid, max |

! J

Idea

Replacing Vector Quantization by Learned Dictionaries!
@ unsupervised: [Yang et al., 2009]
@ supervised: [Boureau et al., 2010, Yang et al., 2010]
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Learning Codebooks for Image Classification

Let an image be represented by a set of low-level descriptors y; at NV
locations identified with their indices i =1,..., N.

@ hard-quantization:
p
yi~Daj, a;€{0,1}” and Y aif]=1
j=1
@ soft-quantization:

o Bllyi—dl12

o;lj] =
il P e—Bllyi—dil3

@ sparse coding:

1
y; ~ Daj, «; =argmin §||Yi - DaH% + Az
(87
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Learning Codebooks for Image Classification
Table from Boureau et al. [2010]

Method Caltech-101, 30 training examples 15 Scenes, 100 training examples
Average Pool Max Pool ‘ Average Pool Max Pool
Results with basic features, SIFT extracted each 8 pixels
Hard quantization, linear kernel 51.4 + 0.9 [256] 64.3 + 0.9 [256] 73.9 £ 0.9 [1024] 80.1 + 0.6 [1024]
Hard quantization, intersection kernel | 64.2 = 1.0 [256] (1) 64.3 = 0.9 [256] 80.8 £0.4[256] (1)  80.1 £ 0.6 [1024]
Soft quantization, linear kernel 57.9 + 1.5 [1024] 69.0 £+ 0.8 [256] 75.6 £ 0.5 [1024] 81.4 + 0.6 [1024]
Soft quantization, intersection kernel | 66.1 = 1.2 [512](2) 70.6 = 1.0 [1024] 81.2 +£0.4[1024] (2) 83.0 £0.7 [1024]
Sparse codes, linear kernel 61.3 £ 1.3[1024] 71.5 £ 1.1[1024](3) | 76.9 £ 0.6 [1024] 83.1 4 0.6 [1024] (3)
Sparse codes, intersection kernel 70.3 = 1.3 [1024] 71.8 £1.0[1024] (4) | 83.2 £ 0.4 [1024] 84.1 +£0.5[1024] (4)
Results with macrofeatures and denser SIFT sampling
Hard quantization, linear kernel 55.6 £ 1.6 [256] 70.9 £ 1.0 [1024] 74.0 £ 0.5 [1024] 80.1 £ 0.5 [1024]
Hard quantization, intersection kernel | 68.8 + 1.4 [512] 70.9 = 1.0 [1024] 81.0 £0.5[1024] 80.1 £ 0.5 [1024]
Soft quantization, linear kernel 61.6 £ 1.6 [1024] 71.5 = 1.0 [1024] 76.4 +0.7[1024] 81.5 + 0.4 [1024]
Soft quantization, intersection kernel | 70.1 = 1.3 [1024] 73.2+1.0[1024] 81.8 +£0.4 [1024] 83.0 +£0.4[1024]
Sparse codes, linear kernel 7+1.4[1024] 75.1 £ 0.9 [1024] 78.2 £0.7[1024] 83.6 £ 0.4 [1024]
Sparse codes, intersection kernel .7+ 1.3[1024] 75.7 +1.1[1024] 83.5 4 0.4 [1024] 84.3 + 0.5 [1024]

Unsup Discr
Linear [83.6+04 84.9+0.3
Intersect | 84.3 £0.5 84.7+04

Yang et al. [2009] have won the PASCAL VOC'09 challenge using this
kind of technique.
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Learning dictionaries with a discriminative cost function

Idea:

Let us consider 2 sets S_, S of signals representing 2 different classes.

Each set should admit a dictionary best adapted to its reconstruction.

Classification procedure for a signal y € R":
min(R*(Ya D*)a R*(yv D+))
where

R*(y,D) = min Iy — Da si. flalo < L.

“Reconstructive” training
{ minp_ Zies, R*(y;,D_)
minD+ Zi65+ R*(yia D+)

[Grosse et al., 2007], [Huang and Aviyente, 2006],
[Sprechmann et al., 2010] for unsupervised clustering (CVPR '10)

Julien Mairal Journées ORASIS 2011
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Learning dictionaries with a discriminative cost function

“Discriminative” training

[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2008a]

Jmin > D()\z,-(R*(y,-,D_)—R*(y,-,D+))),

where z; € {—1,+1} is the label of y;.

N

Logistic regression function

Julien Mairal Journées ORASIS 2011
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Learning dictionaries with a discriminative cost function
Examples of dictionaries

Top: reconstructive, Bottom: discriminative, Left: Bicycle, Right:
Background.
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Pixelwise classification
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Learning dictionaries with a discriminative cost function
weakly-supervised pixel classification
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Application to edge detection and classification
[Mairal, Leordeanu, Bach, Hebert, and Ponce, 2008c]
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Application to edge detection and classification
Berkeley segmentation benchmark
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Application to edge detection and classification
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classification
Berkeley segmentation benchmark
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Application to edge detection and classification
Contour-based classifier: [Leordeanu, Hebert, and Sukthankar, 2007]

.,

Is there a bike, a motorbike, a car or a person on this
image?
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Application to edge detection and classification
Bike Bottle People
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Application to edge detection and classification
Performance gain due to the prefiltering

’ Ours + [Leordeanu '07] ‘ [Leordeanu '07] ‘ [Winn '05] ‘
| 96.8% | 894% [ 769% |

Recognition rates for the same experiment as [Winn et al., 2005] on
VOC 2005.

Category | Ours+[Leordeanu '07] | [Leordeanu '07]
Aeroplane 71.9% 61.9%
Boat 67.1% 56.4%
Cat 82.6% 53.4%
Cow 68.7% 59.2%
Horse 76.0% 67%
Motorbike 80.6% 73.6%
Sheep 72.9% 58.4%
Tvmonitor 87.7% 83.8%
[ Average | 75.9% [ 64.2 % |

Recognition performance at equal error rate for 8 classes on a subset of

images from Pascal 07.
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Important messages

o Learned dictionaries are well adapted to model the local
appearance of images and edges.

@ They can be used to learn dictionaries of SIFT features.
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