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Abstract: This paper presents a novel framework for Stochastic dynamics of interfaces have been widely dis-
image segmentation based on stochastic optimization. Dur-cussed in later years in the physics literature. The work
ing the last few years, several segmentation methods havén fields like front propagation or front transition is aimed
been proposed to integrate different information in a varia- at modeling and studying the properties of a moving fron-
tional framework, where an objective function depending tier between two media that is subject to macroscopic con-
on both boundary information and region information is straints and random perturbations (which are due to the
minimized using a gradient-descent method. Some recenbulk). The natural translation of this dynamic in mathemat-
methods are even able to extract the region model duringical language is done through Stochastic Partial Differential
the segmentation process itself. Yet, in complex cases, th&quations (SPDEs). These equations were introduced by
objective function does not have any computable gradient.Walsh in [28] and their mathematical properties were stud-
In other cases, the minimization process gets stuck in someéed using mostly partial differential equations tools. Nev-
local minimum, while no multi-resolution approach can be ertheless, the problems researchers have to deal with are
invoked. To deal with those two frequent problems, we pro-various and there is more than one way to add a stochastic
pose a stochastic optimization approach and show that evenperturbation to a PDE. An up to date survey of the exist-
a simple Simulated Annealing method is powerful enoughing models on stochastic motions by mean curvature can be
in many cases. Based on recent work on Stochastic Partialfound in [30].

Differential Equations (SPDEs), we propose a simple and |t was only in recent years that the notion of viscosity
We||-f0unded method to implement the StOChaStiC eVOlUtionsolution for a SPDE was deve|0ped by Lions and Sougani_
ofacurveinaLevel Setframework. The performance of our gjs in a series of articles [15, 16, 17, 18]. Their notion of
method is demonstrated on both synthetic and real images.weak viscosity solution is very attractive for numerical ap-
. plications, since they define the solution as a limit in a con-
1. Introduction venient space for a set of approximations. Since their pio-

i i ) . i _ neering work, related work has been done by Yip [29] and
This work is motivated by how stochastic motion can im- ., aysqulakis et al [12]. Other approaches have also been
prove current shape optimization methods in Computer Vi- proposed by Bally et al in [2], much in the spirit of Walsh

sion. We are interested in a h)l/vpersurface eVOIuQB'(]t,)' [28], and recently by Buckdahn in a series of articles [5]
wherel'(?) is a closed subset 8 ° with non empty interior \ hich amounts to a different definition of viscosity solu-
anddI'(t) evolves according to the equation tions. Yet, we will make direct use of Lions and Souganidis
a(ar) _ resglts. Their extension of the viscosity solution notion is
praak (k+W(t,x))n = fn @) particularly adapted to the well known Level Sets method
[20], making it even more interesting in the area of Com-
wheren is the normal to9I'(¢) and where the normal ve- puter Vision.
locity 3 depends on, the mean curvature afl'(t), and In the following, we will briefly present previous work
W, a stochastic perturbation, which will changé) only aimed at modeling a surface that is subject to mean cur-
through its normal component. The mean curvature motionvature motion coupled with noise perturbation. Afterward,
B = x and its implementation with the Level Sets method we will discuss the implementation of such a dynamic in the
[21, 25, 20] is well known. The novelty in this work is the |evel Sets framework. Then we expose how this stochas-
implementation of the recently proposed stochastic curva-tic motion, coupled with Simulated Annealing [14], can be
ture driven flows like equation (1) (see [28]) and its appli- used in Computer Vision in the context of shape optimiza-
cation to Computer Vision. tion problems. Finally, results are given in the particular
*Odysge ENPC/ENS/INRIA Laboratory, ENS, 45 rue d’Ulm, 75005 Cas.e of active contours [24’ 22, 6]. demonstrating how the
Paris, France. juan@cermics.enpc.fr, keriven@cermics.enpc.fr andACtive Contours can be improved in what could be called
postelni@di.ens.fr Stochastic Active Contours




2. Theoretical results

The mean curvature motion [8] is usually implemented with
the Level Sets method [21, 25, 20]. The underlying math-
ematical tool is the theory of viscosity solutions for Partial
Differential Equations (PDE).

Namely, letu : R, x RY — R be the Level Sets func-
tion which describes, at time > 0, the evolution of the
domainsl'(¢):

() ={z e RY : u(t,z) <0}
or(t) = {x € RY : w(t,z) = 0}

It is well known that makingT'(t) move with normal ve-
locity equals to its curvatur@ = x amounts ta: satisfying
the Partial Differential Equation (PDE)

ou ) Du
8t = |D U|le (|Du|)

This equation admits unique globally defined uniformly

@)

continuous solutions in the viscosity sense (see [21, 25,

20)).

2.1. Viscosity solutions

Recently, the stochastic dynamics given by equation (1), ie.

f = k+W(t,z), have been addressed in [16] and a no-
tion of weak solution has been developed for this type of
equation. Equation (1) is in fact a shortcut for:

d(0T) =kndt+nodW 3

(see Walsh [28]), where the symboel W stands for the
Stratonovich integral, which, unlike theédlintegral, is well

By replacing the Gaussian noise with finite variation ap-
proximations, they obtain a class of approximations

®)

uf = F(D?uf, Duf) + M Hy(Du)EL(t, )
u® = ug
for which convergence when— 0 is proved using mainly
the method of characteristics in PDEs. Consequently, their
resultallows us to simulate the solutions of such equations
and be sure that the result of our computer simulation is
what we expect it to be
Further more, we mention that according to Lions, the
convergence takes placed{R, x RY), which means that
the numerical solutions we develop will be continuous and
that they will be converge uniformly almost surelydne
Q, the space of the possible realizations.

2.2. Noise

One aspect of the equation (4) that we have not covered so
far is the noise introduced in the equation. In the sequel,
we will introduce briefly the stochastic Brownian sheet and
try to describe some of its immediate properties and con-
sequences on our equation. For a basic introduction on
stochastic processes, see [10].

To add noise to a PDE, one would typically add a Gaus-
sian to the stepping scheme made up for the equation.
This gives rise to independent increments, both in time and
space. Hence the idea of Brownian sheet. The same intu-
ition resides in a very nice example given by Walsh in [28].

Formally, the Brownian sheet is a process defined as

W: QxR xRY - R

suited for stochastic geometry, since it does not change

when the coordinates change (see [7, 10] for an introduc-

where 2 is a space of labels of realizations. Each

tion). Lions and Souganidis state that the correspondingW (w,t,x) = W(t,z) is thus a real-valued Gaussian ran-

SPDE in the Level Sets framework, namely

D
du = |Du|div <|DZ|> dt + |DulodW(t,z), (4)

admits a unique solution in some viscosity sense.

unigueness of the solution in the viscosity sense is of great

dom variable with mean zero and varian@& (¢, z))
tl‘l ... TN

The definition of an integral with respect to this process
takes the same path as the definition of the classical stochas-

Thelic integral. For details, see for example [28].

The usage of the stochastic integral always gives rise to a

importance, since it ensures that at all imes the zero levelduadratic variation term, which has to be controlled. This is

set{z € R : u(t,z) = 0} does not develop a non empty
interior - phenomenon also known fadtening

Due to lack of place, we will not expose the complete
theory. Briefly, Lions and Souganidis define the viscosity
solutions of

{ut — F(D*u,Du) + S, Hi(Du) o dW(t,z)

u(0,z) = ugp(x)
whereF' is continuous and degenerate elliptic diids con-

not always obvious in a classical framework when using the
Brownian sheet. Therefore, we mention the work of [12],
who study the same type of equation. Their solution in order
to control the explosive character of the stochastic term, is
to consider aolored white noiséerm. This corresponds to
limiting the numbers of independent sources of noise and
thus allows to having a more regular behavior.

3. Implementation

tinuous and positively homogenous of degree one (for moreWe now focus on practical ways of implementing the

details, see [15])

stochastic evolution given by equation (4).



As a first step, we use the following explicit first order
scheme:
Du
D ul
+ |Dul (Wy(t + At) — W, (1))

u(t + At) = u(t) + |Dul div(

)At

whereW, (t + At) — W, (t) ~ Wi (At) ~ VAIN(0,1),
sinceW,.(¢) is a standard Brownian motion. Hence, we
implement

u(t + At) =u(t)
Du
|D w|

+ |Dwl |div(

JAE + N(0, 1)\/5}

using a standard narrow-banded procedure like the one de-
scribed in [23].

Using the results mentioned in the last section, we claim
that the above algorithm will converge, whéi — 0, to-
wards the solution of equation (4).

Note thatl¥ is computed only on the space grid of the
Level Sets implementation we are considering. As men
tioned earlier, there are problems when considering a Brow-
nian sheet due to the explosive character of the quadratic
variation term. Nevertheless, we did not deal with this Based on the work of Metropo”s et a|_’ Simulated An-
problem, since for the applications we developed we have anealing was first mentioned by Kirkpatrick in [14] as a nice
lower bound on the space grid dimension, which is given by application of statistical physics to optimization problems.
the resolution of the underlying image. Thus, the noise we |ts purpose is to introduce a probabilistic decision mecha-
consider is strongly correlated in thevariable. Moreover,  nism for finding global minima in higher dimension.
if some more spatial regularity in noise is needed, the noise  As it will be seen further, the combination of the stochas-
can be computed on a coarser grid and interpolated in theijc mean curvature dynamics with this selection algorithm
near grid points. Figure 1 illustrates the effect of smooth- can be a powerful tool in Computer Vision, for instance in
ing W in space: a more spatially smooth noise, gives more the context of active contours [6]. As opposed to the dy-
regular but larger oscillations of the surface. Note also that namics introduced earlier, the use of Simulated Annealing
the curvature has a strong role with respect to this aspectjn the area of active contours is not a complete novelty. We
since it StOpS the contour to bend exceSSively. In dOing thiS,W0u|d like to bneﬂy comment upon the previous works ori-

the contour preserves nice properties such as the short-timented toward the use of genetic programming in this field.
connectivity. To emphasize this idea, we mention that in the

absence of the curvature tgrm (and thus being exposed to g 1 Comparison with previous work in Com-
completely random dynamic), the contour tends to break up puter Vision

around the main line and to develop bubbles. Despite the
previous theoretical results, the properties of the stochasn a lot of cases, the stochastic theory is used to help re-
tic mean curvature motion are still unknown, as were the searchers develop an intuition of the macroscopic dynamics
properties of the classical mean curvature motion in the pi- at & microscopic level. This if, for instance, the case in [3],

Figure 1: Different Stochastic Mean Curvature motions.
Top row: starting from the initial curve (top left), three time
steps of the evolution with Gaussian noise. Middle row:
from the same initial curve, four time steps of the evolution
_with a spatially smoother noise. Bottom row: a 3D example
starting from the cortex of a monkey.

oneering work by [8]. where an algorithm for stochastic approximations to a curve
shortening flow are built. Another example is given by [27],
4. App”C&tiOﬂS to Computer Vision where the authors develop a model of anisotropic diffusion

using the information gained by analyzing the stochastic
Many Computer Vision problems consist in recovering differential equation associated to a linearized version of the
a certain surface or region through a shape optimizationgeometric heat equation.
framework [6, 22, 9]. The dynamics presented earlier, cou-  In other cases, stochastics are actively used in selection
pled with a decision mechanism, can be used to select suclalgorithms meant to overcome some classical dynamics dif-
regions. This is why another ingredient we turned our at- ficulties. In [26] Storvik used Simulated Annealing com-
tention to is the Simulated Annealing algorithm. bined with a Bayesian dynamics and developed applications



in medical imagery. He used a node-oriented representatiorHere,T'(n) is a time-dependent function that plays the same
technique for the contour representation. Thus, his algo-role as a decreasing temperature. Its choice is not obvious.
rithm can only detect simply connected domains in an im- If the temperature decreases to fast, the process may get
age. Moreover, self-intersections are not allowed, due tostuck in a local minimum; on the contrary, decreasing too
the complications they would involve. The Bayesian tech- slowly in order to reach the global minimum may be compu-
niques used for his contour evolution were therefore highly tationally expensive. A classical choiceli$n) = Ty /\/n.
limited (perhaps due to reduced computing power available

at t_he time)_ and the appl_icati(_)ns presented only make use o4 3. Remarks and motivation

3 pixels being changed in a time step.

More recently, Ballerini et al developed in [1] an inter-
esting application to medical image segmentation using a > @ X
genetic algorithmgenetic snakesThey used a model that -2drange equation is computed, leading to some PDE
they fit using a number of control points. Their application 9L+ = Fen. In that case, we use the classical motion as
cannot, therefore, be extended to a more general frameworkheu”St'CS that drive the_evolutlon faster toward a minimum,

In conclusion, it is important to notice that the main in- 2nd replace the dynamics of step 2, by
gredient of our work is not the Simulated Annealing part,
but rather the underlying dynamics presented earlier. It is
obvious that the stochastic approach adds to the power an
flexibility of the Level Sets technique into a very power-

ful tool. We can thus use this mechanism through skillfully As often with genetic algorithms, the proof of the con-

applied controls, while continuing to allow for topological vergence of this algorithm toward a global minimum is still

Crr]s:egr?csea(l)r;?hvgi?lc:crhea?sl:ilgrtgrr?iigrr:j?too nrs1é| Mt?];egvﬁ;ngri]:an open problem. However, practical simulations indicate
P P y that the above algorithm is more likely to overcome lo-

g;?:vl\(/ :)?cv:r?erdjalos?cgfrr]r\,/:t);,(s)gapes, which was another draW'cal minima than the classical approach. This is our main

. S . . motivation, since local minima are the major problem of
Simulated Annealing is used in our experiments. In the .
future. more evolved aenetic oroaramming selection tech- classical approaches. Note also that our framework can be
. R g progr g sel used in cases when the Euler-Lagrange equation is too com-
nigues might be considered, but it is encouraging that such

simple ingredients added to the Level Sets framework pro- plex from a mathemaucal or computational point of view, or
. . . even impossible to compute.

vide good practical result$Sketchily, one can see the same

difference between our method and the previous ones, tha . .

between geodesic active contours and the pioneering snakeqé- Stochastic Active Contours

[11].

The classical way to solve the previous minimization prob-
lem is often to use a gradient descent method. The Euler-

B = e+ r+W(t )

%r even bys = 3. + W (t, ) when 3, already contains a
curvature term.

Our scheme could be used in the Geodesic Active Contours
framework [6] where segmentation is based upon gradient

4.2. Principle intensity variations. Yet, a multiscale approach is often used
Given some Computer Vision problem in a variational successfully in that context to overcome the local minimum
framework where we have to find the regibnthat mini- problem. However, many other segmentation schemes [22]
mizes an energ¥ (I') = E(u), we use the following sim-  use a region model (eg. texture, statistics) often unadapted
ple Simulated Annealing decision scheme: to multiscale or unusable at coarse scales. We will first fo-

1 Start from some initial que cus on one such case, namely a single Gaussian statistics
' guesy model by Deriche and Rousson [24].

2. computeu,, 1 from u,, using the dynamics presented
earlier 5.1. Single Gaussian model

3. compute the energi (u,,+1) In their active and adaptive segmentation framework [24],
the authors model each region of a gray-valued of color im-
age! by a single Gaussian distribution of unknown mean
o if B(uni1) < E(un) i ar_ld vari_ancg}j_i. The case c_Jf two regions segmentation
turn into minimizing the following energy:

4. acceptu,1:

e otherwise, acceptu,,; Wwith probability

exp <_ E("n?();)E(un) )

BT, S 20 = [a@+ [ el
5. loop back to step 2, until some stopping condition is r b/r
fulfilled + vlength(o')



with
61(.'1}) = - longiZi (I(‘T))

where
pus, (I(x)) = C|8;| /2= U@ =) T8 I(@) =) /2

is the conditional probability density function of a given
valueI(x) with respect to the hypothesig;, %;). The pa-
rameters(u;, >;) depending o', the energy is actually
a function of " only: E(T, p1, %1, p2,X2) = E(T). Its
Euler-Lagrange equation is not obvious, but finally simpli-
fies into the minimization dynamics

Figure 3: Segmentation of two regions modeled by two un-
known Gaussian distributions. Top row: the initial curve, an
intermediate and the final time step of the classical method,

) again stuck in a local minimum. Bottom row: two interme-
diate steps and the final step of our method.

The authors successfully segment two regions even with

same mean. However, the evolution could easily be stuck

into some local minimum and a multiscale approach might becomes:

modify the statistics of the region so that no segmenta-

tion would be possible anymore. As demonstrated figure

2, a simple Simulated Annealing scheme with dynamics o

B = f3. + W (t, z) overcomes this problem. Figure 3 shows pe.(I(x)) = Z TPy (L))

the same phenomenon on a real image. Note that this im- =t

age was successfully segmented by Paragios and Deriche

with their active region framework [22]. Yet, they used an The number of Gaussian distributions can be given, esti-

adapted model of texture. Here, the Stochastic Active Con-mated at initial time step, or dynamically evaluated. A large

tours framework succeeds in making a simple single Gaus-literature is dedicated to the problem of estimatthgfrom

sian model with unknown parameters find the correct re- input samples. We use here the original k-means algorithm

gions. pioneered by MacQueen [19], although we have tested ex-

tensions like the fuzzy k-means [4].

Be = ea(x) — er(x) + vdiv <|BZ

Our segmentation problem still consists in minimizing
the same energy, with now(z) = —logpe, (I(z)). Un-
fortunately, we now have to deal with a complex depen-
dency of®; with respect tal". In fact, the k-means algo-
rithm acts as a “black box” implementiig — 0,(T"). As
a consequence, the Euler-Lagrange equation of the energy

Figure 2: Segmentation of two regions modeled by two un- (I’ ©1(I'), ©2(T")) = E(T') cannot be computed. A de-
known Gaussian distributions (same mean, different vari- t€rministic contour evolution driven by, = e, —€1t Uk
ances). From left to right: (i) the initial curve, (ii) the final d0€s not always converge, even to a local minimum, due to
state of the classical approach [24] stuck in a local mini- the fact that3.n is not the exact gradient (see figure 4). Yet,

mum, (iii) and (iv) an intermediate and the final state of our the Stochastic Active Contours can still be used, wittas
method heuristics (figure 4 again).

Even when the deterministic scheme converge more or
less, our method shows a better ability to overcome local
5.2. Gaussian mixtures minima: figure 5 illustrated the case of a standard geomet-
ric energy barrier caused by narrow pathways while figure
6 shows how®; can be stuck leading to a dramatic evo-
lution toward completely false regions (see also attached
multimedia material). Finally, figure 7 shows some more
examples on other real images. Animations correspond-
ing to all the presented examples can be downloaded at
http://cermics.enpc.fr/juan/SAC/

As an illustration of the case when the Euler-Lagrange
equation cannot be computed, we simply extend the
previous model to region statistics modeled by a mix-
ture of Gaussian distributions of parametegs
(i i, B o mitts g, B0). with 37w = 1. The con-
ditional probability density function of a given valuéz)



Figure 4: Segmentation of two regions modeled by two

Figure 6: Segmentation of two regions modeled by two un-
known Gaussian mixtures. From left to right: (i) The initial
curve, (ii) the final state of the deterministic method, stuck
in a local minimum and (iii) the final state of our method.
The two lines of colored rectangles below the images in-
dicate the means of the mixtures components and their re-
spective weights (Top line for the inside region, bottom line
for the outside region)

unknown Gaussian mixtures (here, only one Gaussian byg. Conclusion

mixture!) Top row: the initial curve, and two states of the

deterministic method, states between which the final curveBased on recent work on Stochastic Partial Differential
oscillates, a behavior caused by an incorrect gradient. Bot-Equations, we have presented propose a simple and well-
tom row: two intermediate steps and the final step of our founded method to implement the stochastic mean curva-

method, using the same gradient as heuristics.

ture motion of a surface in a Level Set framework. This
method is used as the key point of a stochastic extension
to standard shape optimization methods in Computer Vi-
sion. In the particular case of segmentation, we introduced
the Stochastic Active Contours natural extension of the
well-known active contours. Our method overcome the lo-
cal minima problem and can also be used when the Euler-
Lagrange equation of the energy is out of reach. This exten-
sion is not time consuming: the only computational effort
is computing the energy, which can generally be done by a
simple run through the domain of level set function. Con-
vincing results are presented with the segmentation of re-
gions modeled by unknown statistics, namely single Gaus-
sian distributions or mixtures of Gaussian distributions. The
way is now open for applying our principle to other Com-
puter Vision problems but also in different fields where
shape optimization problems arise, like in theoretical chem-
istry [13].

Acknowledgements

Figure 5: Segmentation of two regions modeled by two un- \ye would like to thank Viad Bally for his helpful advices

known Gaussian mixtures (here, two identical mixtures of

two colors with only different variances). Top row: the ini-

tial curve, an intermediate and the final time step of the de-

terministic method, again stuck in a local minimum. Bot-

tom row: two intermediate steps and the final step of our

method.

and the fruitful discussions we had.

References

[1] L. Ballerini. Genetic snakes for image segmenta-
tion. In Evolutionary Image Analysis, Signal Process-
ing and Telecommunicatiprolume 1596 of_ecture



Figure 7: Segmentation of two regions modeled by two un-
known Gaussian mixtures. Left column: the initial states.
Right column: the corresponding final states of our method.

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

Notes in Computer Scienceages 59-73. Springer,
1999.

V. Bally, A. Millet, and M. Sanz-Sole. Support theo-
rem in holder norm for parabolic stochastic partial dif-
ferential equationsAnnals of Probability 23-1:178—
222,1995.

G. Ben-Arous, A. Tannenbaum, and O. Zeitouni.
Stochastic approximations to curve shortening flows
via particle systems. Technical report, Technion Insti-
tute, 2002.

J.C. Bezdek.PatternRecognition with fuzzy objective
function algorithms Plenum Press, New York, 1981.

R. Buckdahn and J. Ma. Stochastic viscosity solutions
for nonlinear stochastic partial differential equations.
Stochastic Processes and their Applicatio®3:181—
228, 2001.

V. Caselles, R. Kimmel, and G. Sapiro. Geodesic ac-
tive contours.The International Journal of Computer
Vision, 22(1):61-79, 1997.

G. Da Prato and J. ZabczykStochastic Equations
in Infinite Dimensions Cambridge University Press,
1992,

L.C. Evans and J. Spruck. Motion of level sets by
mean curvature: 1Journal of Differential Geometry
33:635-681, 1991.

Olivier Faugeras and Renaud Keriven. Variational
principles, surface evolution, PDE'’s, level set methods
and the stereo problemEEE Transactions on Image
Processing7(3):336—344, March 1998.

S. Karatzas and S.E. Shreve. Brownian motion and
stochastic calculusGraduated Texts in Mathematics
Springer Verlag, 113.

M. Kass, A. Witkin, and D. Terzopoulos. SNAKES:
Active contour models. IrProceedings of the 2nd
International Conference on Computer Visjovol-
ume 1, pages 321-332, Tampa, FL, January 1988.
IEEE Computer Society Press.

M.A. Katsoulakis and A.T. Kho. Stochastic curva-
ture flows: Asymptotic derivation, level set formula-
tion and numerical experimentdournal of Interfaces
and Free Boundaries3:265-290, 2001.

R. Keriven and G. Postelnicu. Electrons and stochastic
shape optimization via level sets. Technical report,
CERMICS, ENPC, in preparation.



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

S. Kirkpatrick, C.D. Jr. Gelatt, and M.P. Vecchi. Opti-
mization by simulated annealin§cience220(4598),
1983.

P.L. Lions and P.E. Souganidis. Fully nonlinear
stochastic partial differential equations.@R. Acad.
Sci. Paris Ser. | Mathvolume 326, pages 1085-1092.
1998.

P.L. Lions and P.E. Souganidis. Fully nonlinear
stochastic partial differential equations: nonsmooth
equations and applications. @.R. Acad. Sci. Paris
Ser. | Math volume 327, pages 735—-741. 1998.

[29

P.L. Lions and P.E. Souganidis. Fully nonlinear
stochastic partial differential equations with semilin-
ear stochastic dependence. GrR. Acad. Sci. Paris
Ser. | Math volume 331, pages 617-624. 2000.

P.L. Lions and P.E. Souganidis. Uniqueness of weak
solutions of fully nonlinear stochastic partial differen-
tial equations. InC.R. Acad. Sci. Paris Ser. | Math
volume 331, pages 783—-790. 2000.

J. MacQueen. Some methods for classification and
analysis of multivariate observations.Hiith Berkeley
Symposium on Mathematical Statistics and Probality
pages 281-297, Berkeley, 1967.

S. Osher. The level sets method: Applications to imag-
ing science. Technical Report 02-43, UCLA Cam Re-
port, 2002.

S. Osher and J. Sethian. Fronts propagating with
curvature dependent speed: algorithms based on the
Hamilton—Jacobi formulation.Journal of Computa-
tional Physics79:12-49, 1988.

N. Paragios and R. Deriche. Geodesic active regions
and level set methods for supervised texture segmen-
tation. The International Journal of Computer Vision
46(3):223, 2002.

D. Peng, B. Merriman, S. Osher, H. Zhao, and
M. Kang. A PDE-based fast local level set method.
Journal on Computational Physic455(2):410-438,
1999.

M. Rousson and R. Deriche. A variational framework
for active and adaptative segmentation of vector val-
ued images. IrProc. IEEE Workshop on Motion and
Video ComputingOrlando, Florida, December 2002.

J.A. Sethian.Level Set Methods and Fast Marching
Methods Cambridge University Press, 1999.

[27]

(28]

[30]

[26] G. Storvik. A bayesian approach to dynamic con-

tours through stochastic sampling and simulated an-
nealing. IEEE Trans. Pattern Analysis and Machine
Intelligence 16(10):976—986, october 1994.

G. Unal, H. Krim, and A. Yezzi. Stochastic differential
equations and geometric flowHEEE Transactions in
Image Processingl1(12):1405-1416, 2002.

J.B. Walsh. An introduction to stochastic partial dif-
ferential equations. IfEcole dEte de Probabiliés
de Saint-Flouyvolume XIV-1180 ofLecture Notes in
Math. Springer, 1994.

N.K. Yip. Stochastic motion by mean curvatufech.
Rational Mech. Ana).144:331-355, 1998.

N.K. Yip. Stochastic curvature driven flows. In
G. Da Prato and L. Tubaro, editorStochastic Par-
tial Differential Equations and Applicationsolume
227 of Lecture Notes in Pure and Applied Mathemat-
ics, pages 443-460. Springer, 2002.



