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Abstract

An new paradigmfor computingintrinsicdistancefunctions
andgeodesicsonsub-manifoldsof � ��� givenby pointclouds
is introducedin this paper. Thebasicideais that,asshown
here,intrinsic distancefunctionsandgeodesicson general
co-dimensionsub-manifoldsof � ��� can be accuratelyap-
proximatedby extrinsic Euclideanonescomputedinsidea
thin offsetbandsurroundingthemanifold. This permitsthe
use of computationallyoptimal algorithmsfor computing
distancefunctions in Cartesiangrids. We usethesealgo-
rithms, modified to deal with spaceswith boundaries,and
obtain also for the caseof intrinsic distancefunctions on
sub-manifoldsof � � � , a computationallyoptimal approach.
For point clouds,the offsetbandis constructedwithout the
needto explicitly find theunderlyingmanifold,therebycom-
puting intrinsic distancefunctionsand geodesicson point
cloudswhile skippingthemanifoldreconstructionstep.The
caseof point cloudsrepresentingnoisy samplesof a sub-
manifoldof Euclideanspaceis studiedaswell. All the un-
derlying theoreticalresultsarepresentedalongwith exper-
imentalexamplesfor diverseapplicationsandcomparisons
to graph-baseddistancealgorithms.

1 Introduction

Oneof themostpopularsourcesof pointcloudsare3D shape
acquisitiondevices,suchaslaserrangescanners,with appli-
cationsin geoscience,art(e.g.,archival),medicine(e.g.,pro-
hestetics),manufacturing(from carsto clothes),andsecu-
rity (e.g.,recognition),amongotherdisciplines.Thesescan-
nersprovide in generalraw datain the form of (noisy) un-
organizedpoint cloudsrepresentingsurfacesamples.With
theincreasingpopularityandverybroadapplicationsof this
sourceof data,it is naturaland importantto work directly
with this representation,withouthaving to goto theinterme-
diatestepof fitting a surfaceto it (stepthatcanaddcompu-
tationalcomplexity andintroduceerrors). Seefor example�
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[3, 7, 9, 13, 20, 25, 26] for a few of the recentworks with
this typeof data.Note thatpoint cloudscanalsobeusedas
primitivesfor visualization,e.g., [4, 13, 27], aswell asfor
editing[36].

Another importantfield wherepoint cloudsare found is
in therepresentationof high-dimensionalmanifoldsby sam-
ples (see for example [15, 19, 32]). This type of high-
dimensionaland generalco-dimensiondataappearsin al-
most all disciplines,from computationalbiology to image
analysisto financialdata.Dueto theextremelyhigh dimen-
sionsin thiscase,it is impossibleto performmanifoldrecon-
struction,andthework needsto beperformeddirectlyonthe
raw data,meaningthepoint cloud.

This paperaddressesoneof the most fundamentaloper-
ationsin the studyandprocessingof sub-manifoldsof Eu-
clideanspace: the computationof intrinsic distancefunc-
tionsandgeodesics.Weshow thatthiscanbedoneby work-
ing directlywith thepointcloud,without theneedfor recon-
structingthe underlyingmanifold. The resultsarevalid for
generaldimensionsand co-dimensions,and for manifolds
with or withoutboundary. Theseresultsincludetheanalysis
of noisypoint cloudsobtainedfrom samplingthemanifold.

A numberof key building blocks arepart of the frame-
work here introduced. The first one is basedon the fact
that distancefunctionsintrinsic to a given sub-manifoldof� � � canbe accuratelyapproximatedby Euclideandistance
functionscomputedin a thin offsetbandthatsurroundsthis
manifold. This conceptwasfirst introducedin [22], where
convergenceresultswere given for co-dimensiononesub-
manifoldsof � ��� (hyper-surfaces)without boundary. This
resultis reviewedin 
 2. In this paper, we first extendthese
resultsto generalco-dimensionandto dealwith manifolds
with or withoutboundary, 
 3. Wealsoshow thattheapprox-
imation is true not only for the intrinsic distancefunction
but also for the intrinsic geodesic. This is not a straight-
forwardcorollary, sincegeodesicsarebasedon thegradient
of the distancefunction,which containssingularitiesat the
cut locus[35, 28]. The approximationof intrinsic distance
functions(and geodesics)by extrinsic Euclideanonesper-
mits to computethemusingcomputationallyoptimal algo-
rithms in Cartesiangrids (as long as the discretizationop-
erationis permitted,memorywise, see 
 7 and 
 8). These



algorithmsare basedon the fact that the distancefunction
satisfiesa Hamilton-Jacobipartialdifferentialequation(see
 2), for which consistentandfastalgorithmshave beende-
velopedin Cartesiangrids[14, 30, 31, 34]1 (see[16] for ex-
tensionsto triangularmeshesand[33] for otherHamilton-
Jacobiequations).That is, dueto theseresults,we canuse
computationallyoptimalalgorithmsin Cartesiangrids(with
boundaries)also to computedistancefunctions, and from
themgeodesics,intrinsic to a givenmanifold,andin a com-
putationallyoptimalfashion.

Oncethesebasicresultsareavailable,wecanthenproceed
andwork with point clouds. The basicideahereis to con-
structtheoffsetbanddirectly from thepoint cloudandwith-
out theintermediatestepof manifoldreconstruction.This is
addressedin 
 4 and 
 5 for noise-freepointswhich areman-
ifold samples,and in 
 6 for points consideredto be noisy
samplesof the manifold. For this (random)cases,we ex-
plicitly computethe probability that the constructedoffset
bandcontainstheunderlyingmanifold. In theexperimental
section, 
 7, we presenta numberof importantapplications.
Theseapplicationsaregivento show the importanceof this
novel computationalframework, and are by no meansex-
haustive. Concludingremarksareprovided in 
 8 wherewe
alsoreportthedirectionsour researchis taking.

Weshouldnotethatto thebestof ourknowledge,theonly
additionalwork explicitly addressingthecomputationof dis-
tancefunctionsandgeodesicsfor point cloudsis theonere-
portedin [2, 32].2 Thecomparisonof performancesin pres-
enceof noisebetweenour framework andthis oneis given
in [23], wherewe provetheadvantagesof our theory.3

2 Preliminary Results

We first introducesomebasic notation that will be used
throughoutthe article. For a compactand connectedset�
� � ��� , ����������� � denotesthe intrinsic distancebetween
any two pointsof

�
, measuredby pathsconstrainedto be

in
�

. We will alsoassumethe conventionthat if ����� ���
is compact,and ���! arenot both in � then ��"#�$�%�� &��'�( ,
for someconstant(*) +-,/.&021 3/45"6�7"#�8���! 9� . Given a : -
dimensionalsub-manifold ; of � � � , �#<= denotesthe set> � � � ���@?A�B�8;C���D�-EGFIH (herethe distance�J�K�L�M�N� is the
Euclideanone). This is basicallyan F -offsetof ; . To state
that thesequenceof functions

>/O/P �K�N�QH P 47R RJS uniformly con-

1Tsitsiklis first describedan optimal-controltype of approachto solve
the Hamilton-Jacobiequation,while independentlySethianand Helmsen
bothdevelopedtechniquesbasedonupwindnumericalschemes.

2In additionto studyingthecomputationof distancefunctionson point
clouds,[2, 32] addresstheimportantcombinationof this with multidimen-
sional scalingfor manifold analysis. Prior work on using geodesicsand
multidimensionalscalingcanbefoundin [29].

3Whileconcludingthispaper, welearnedof arecentextensionto Isomap
reportedin [12]. This paperis alsomeshbased,andfollows thegeodesics
approachin Isomapwith a novel neighborhood/connectivity approachand
anumberof interestingtheoreticalresultsandnovel dimensionalityestima-
tioncontributions.Furtheranalysisof Isomap,asadimensionalityreduction
technique,canbefoundin [8].

vergesto
O �K�N� as TVUXW , we frequentlywrite

O P PY O
. For

agivenevent Z , [\�]ZD� standsfor its probabilityof occurring.
For a randomvariable(R.V. from now on) ^ , its expected
valueis denotedby _`�8^a� . Wedenoteby ^cbedaf �#g thatthe
R.V. ^ is uniformlydistributedin theset � . For a functionO ? �ih � � , andasubset� of

�
,
O\j " ?5� h � � denotesthe

restrictionof
O

to � . Givena point � on thecompletemani-
fold k , l�mB�$�%��n2� will denotethe(intrinsic)openball of radiusnporq centeredat � , and ls�8 J�!n2� will denotetheEuclidean
ball centeredat  of radiusn .
2.1 Prelude

In [22], we presenteda new approachfor the computation
of weightedintrinsic distancefunctionson hyper-surfaces.
The key startingidea is that distancefunctionssatisfy the
(intrinsic) Eikonal equation,a particular caseof the gen-
eral classof Hamilton-Jacobipartial differentialequations.
Given t � k (an hyper-surfacein � ��� ), we want to com-
pute �umv�wt%�M�N�`?xk h � ��y{z > q&H , the intrinsic distancefunc-
tion from every point on k to t . It is well known that the
distancefunction �9mv�|t���� � satisfies,in the viscosity sense

(see[21]), the equation�~}5���c�M� m2�9mB�wt%���J� � 'r���D� � k� m �wt%�8tD��'eq ,

where � m is the intrinsic differentiation (gradient). In-
steadof solving this intrinsic Eikonal equationon k , we
solve thecorrespondingextrinsic onein theoffsetband

�#<m ,� �M� 05� �B� � �wt%���D� � '����D� �p� <m� �J� � �|t���tJ��'Cq , where � �J� � �|t���� � is the

Euclideandistanceand thereforenow the differentiationis
theusualone.

Theorem 1 ([22]) Let t and � be any two points on the
smoothhyper-surfacek (orientable, withoutboundary),then��� �9mB�wt%�!�2����� �J� � �wt����2� ��� E �#mu� F , for small enough F ,4
where �#m is a constantdependingon thegeometryof k .

Thissimplificationof theintrinsicprobleminto anextrin-
siconepermitstheuseof thecomputationallyoptimalalgo-
rithmsmentionedin theintroduction.Thismakescomputing
intrinsic distances,andfrom themgeodesics,assimpleand
computationallyefficient as computingthem in Euclidean
spaces.Moreover, asdetailedin [22], theapproximationof
the intrinsic distance�9m by theextrinsic Euclideanone � �J� �
is never lessaccuratethanthenumericalerrorof thesealgo-
rithms. This was the initial motivation for developingthis
approach,thereare currently no “f ast marching” methods
that canbe usedto dealwith the discretizationof equation�~}5� .

It is the purposeof the presentwork to extendthis The-
orem to deal with: (1) sub-manifoldsof � � � of any codi-
mensionandpossiblywith boundary, (2) sub-manifoldsof

4“Small enough� ” meansthat ���p�!�9���������5�] L¡/¢ , where�2�] £¡�¢ is the¤
-th principal curvatureof ¡ . This guaranteeshaving smoothnessin ¥2¦�§¨ ,

see[22].



� ��� representedaspointclouds,(3) randomsamplingof sub-
manifoldsof � ��� in presenceof noise,and(4)convergenceof
geodesiccurvesin additionto distancefunctions.Weshould
notethat Theorem1 holdseven whenthe metric is not the
one inheritedfrom � ��� , obtainingweighteddistancefunc-
tions,see[22]. Althoughwe will not presentthesenew re-
sultsin suchgenerality, this is asimpleextensionthatwill be
reportedelsewhere.

3 Sub-Manifolds of ©£ª �
We first extendTheorem1 to moregeneralmanifolds(with
boundaryand higher co-dimension)and we deal not only
with distancefunctionsbut also with geodesics.The first
extensionis importantfor the learningof high-dimensional
manifoldsfrom samplesandfor scannedopenvolumes.The
extensionto geodesicsis importantfor pathplanningonsur-
facesandfor finding specialcurvessuchascrestsandval-
leys, see[22]. Theorem2 below presentsuniform conver-
genceresultsfor bothdistancesandgeodesicsin

� < m , under
no conditionson «Dk exceptsomesmoothness.Theorem3
andCorollary2 provide very usefulrateof convergencees-
timates(for the uniform convergenceof � �B� � towards � m ),
underconvexity assumptionson «Dk .
Theorem 2 ([23]) Let k be a compact��¬ sub-manifoldof� ��� with (possiblyempty)smoothboundary«Dk . Let � ,  be
anytwopointsin k . Thenwehave:(1) Uniformconvergence

of distances:� �B� � j m�­Bm ������� � <�®�¯Y � m ������� � ; (2) Convergenceof
geodesics:Let � and  be joined by a uniqueminimizing
geodesic° m ?Df qv�M�±g h k over k , andlet ° < ?Jf q&���±g h²�#<m be

a
� < m -minimizinggeodesic,then ° < <�®Q¯Y °&m .
We now presenta uniform rateof convergenceresultfor

thedistancein thebandin thecase«Dk-'C³ , andfrom thiswe
deduceCorollary2 below, whichdealswith thecase«Dkµ´'C³ .
This resultgeneralizesthe onepresentedin [22] becauseit
allows for any codimension.

Theorem 3 ([23]) Under the samehypothesesof the Theo-
remabove, with «Jk-'¶³ , wehavethat for smallenoughFXoq , +-,2.J· 021 3±¸¹4�m�­Bm ��� � �B� � j mu­vm �$�%�� &�����umv�$�%�� &� ��� E �#m � F ,
where the constant �#m does not dependon F . Also,
we have the “r elative” rate of convergencebound, �GEº�»&¼r½±¾À¿%Á �½ÃÂÄ ¿ � � · 021 3±¸�QÅ � � · 051 3±¸ EÆ�ÈÇÉ� m � F
We immediatelyobtainthe following Corollary which will
beusefulahead.

Corollary 1 Let t � k , and nÊEÌË , then ls�wt%��n2�ÎÍ�k¶Ïl m �wt%��n9�K�ÈÇi� m � n5�!� .
Corollary 2 ( «Dkµ´'C³ ) Under certain smoothnesscondi-
tions, and assumingk to be strongly convex (see[10]), we
havefor smallenoughFpoeq thesameconclusionsof Theo-
rem3 (rateof convergence).

In this sectionwe have extendedthe results in [22] to
geodesicsand distancefunctions in generalcodimension
manifoldswith or without (smooth)boundary, therebycov-
eringall possible(constantco-dimension)manifoldsin com-
mon shape,graphics,visualization,and learning applica-
tions. We are now readyto extend this to manifoldsrep-
resentedaspoint clouds.

4 Distance Functions and Geodesics
on Point Clouds

Wearenow interestedin makingdistanceandgeodesiccom-
putationsonmanifoldsrepresentedaspointclouds,i.e. sam-
pled manifolds. Let Ð PiÑÒ> tDÓ/�MÔMÔ�Ô±�8t P H be a setof T dif-
ferentpointssampledfrom thecompactsub-manifoldk and
define

� < Õ9Ö Ñ¶× PØLÙ Ó lÚ�wt Ø ��FJ� .5
Let F and Ð P be such that kcÏ � <Õ Ö

. We then have�8kCÏÛ� � < Õ Ö Ï � < m . We want to consider� �J� Ü �wt����2� for any
pair of points t%�!� � k and prove somekind of proxim-
ity to the real distance� m �|t����2� . The argumentcarriesover
easily since � �J� � �wt����2�rE
� �B� Ü Ö �|t��!�2�rEÝ�uÞ��wt%�!�2� , henceqÊEß� m �wt%�!�2�X�à� �J� Ü Ö �wt%�!�2�XEà� m �wt%�!�2�á�Ì� �J� � �wt����2� , and

the rightmostquantitycanbe boundedby � m F Ó!â ¬ (see 
 3)
in the casethat «Dk is either stronglyconvex of void. The
key conditionis k@� � Õ �Ö , somethingthatcanobviously be
copedwith usingthecompactnessof k .6 We canthenstate
thefollowing

Theorem 4 ([23]) (Uniform Convergence for Point
Clouds) Let k be a compact smooth submanifold of� � � possibly with boundary «Dk . Then 1. General
Case: Given ãäoåq , there exists F&æçoèq , such that�ÆqêéëFìEëF&æ one can find finite T���FJ� and a set of
points Ð P · < ¸ ��FJ�G' > t Ó �~FB�±�MÔ�ÔMÔM��t P · < ¸ �~FB�íH sampledfromk such that +-,/.7î/1 ïQ4�msð&�9m&�|t��!�2�Ã�{� �B� Ü Ö�ñ �Qò ñ �Qò �wt%�!�2�KóìEôã ;
2. «Dk is either void or convex: For every sufficiently
small Fõoçq one can find finite T���FJ� and a set of pointsÐ P · < ¸ �~FB�C' > t Ó ��FJ�í��ÔMÔ�ÔM�8t P · < ¸ ��FJ�QH sampledfrom k such

that +-,/. î/1 ïQ4�msð � m �wt%�!�2����� �B� Ü Ö�ñ �Qò ñ ��ò �wt%�!�2� ó EÊ� m � F .
In practise,one must worry aboutboth the number( T )

of pointsandthe radii ( F ) of the balls. Obviously, thereis
a tradeoff betweenboth quantities. If we want to useonly
few points,in orderto cover k with theballswe have to in-
creasethe valueof the radius. Clearly, thereexists a valueË suchthatfor valuesof F smallerthan Ë we don’t change
thetopology, see[1, 7, 12]. This impliesthat thenumberof
pointsmustbelargerthata certainlower bound.This result

5Theballsnow usedaredefinedwith respectto themetricof ö ÷�ø , they
arenot intrinsic.

6By compactness,given �iù�ú we can find finite û� £�5¢ and pointsüuýQþ�ü5ÿMþ�������þLü���� §�� 	 ¡ suchthat ¡�

� ��� §����� ý�� ¨   ü � þ �5¢ . But sinceforü 	 ¡ , � ¨   üuþ �7¢�� �   ü9þ �5¢��Û¡ , andwealsoget ¡���� ��� §����� ý �   ü � þ �5¢ .



canbegeneralizedto ellipsoidswhichcanbelocally adapted
to thegeometryof thepointcloud[6], or from minimalspan-
ning trees.

5 Random Manifold Sampling

In practise,we really do not have too muchcontrolover the
way in which pointsaresampledby the acquisitiondevice
(e.g.scanner),or givenby thelearnedsampleddata.There-
fore it is morerealisticto make a probabilisticmodelof the
situationandthentry to convenientlyestimatetheprobabil-
ity of achieving a prescribedlevel of accuracy asa function
of thenumberof pointsandtheradii of theballs.

We now presenta simple model for the currentsetting,
while resultsfor other modelscan be developedfrom the
derivationsbelow. Herewe assumethatthepointsin Ð P are
independentlyandidentically sampledon the sub-manifoldk in a uniform fashion,7 we will write this as t Ø bôd{f k�g .
For simplicity of exposition,wewill restrictourselvesto the
casewhen k hasnoboundary.8 Also, weonly dealwith uni-
form i.i.d. sampling,othermodelsfor thesamplingwill be
reportedelsewhere.

We have to definetheway in which we aregoingto mea-
sureaccuracy. A possibility for sucha measureis (for eachãµo q ) � æ Ñ [ � +-,/.7î/1 ïQ4�m � �9mB�wt%�!�2����� �J� Ü Ö �wt%�!�2���aoÉã�� .

There is a potential problem with this way of testingac-
curacy, since we are assumingthat when we use the ap-
proximate distance � �J� Ü Ö , we will be evaluating it onk . This might seema bit awkward since we don’t ex-
actly know all the surface but just some points on it.
Moreover, a more naturaland real-problem-motivatedap-
proachwould be to measurethe discrepancy over Ð P it-
self, over partof this set,or over anothertrial setof points���

. However, since for any set of points
��� � k we

have that  J+-,/. î/1 ïQ4"!$# � � m �wt����2���{� �B� Ü Ö �wt����2� � oAã&% Ï
 +-,/.7î�1 ïí4�m � �9mB�wt����2���{� �B� Ü Ö �wt����2� � oAã % , bounding � æ
sufficesfor dealingwith any of the possibilitiesmentioned
above. Noticethatwe aresomehow considering� �J� Ü Ö to be

definedfor all pairsof pointsin k�'µk , evenif it might hap-
penthat k�Í � < Õ Ö ´'¶k . In any casewe extend � �B� Ü Ö to all of� < m ' � < m by a largeconstantsay :`����(*)$+ ��k&� , :-)ä� .

Let usdefinetheeventsZBæ Ñ  B+-,2. î/1 ïí4�m � � m �|t��!�2�Ã�{� �B� Ü Ö �|t��!�2� � oÉã&% , and, < 1 P Ñ.- ksÏ � < Õ9Ö0/ . Now, since Z æ 'õ�~Z æ Í , < 1 P �%zA�~Z æ Í,21< 1 P � , usingthe union boundandthenBayesrule we have[\�~Z æ �\EG[\�]Z æ j , < 1 P ��Ç¶[ � ,21< 1 P � . It is clearnow thatwe

mustfind a convenientlower boundfor the secondterm in
the previous expression,the probability of covering all k

7This meansthat for any subset 354 ¡ , and any ü � 	76�8
,9   ü � 	 3�¢:
<; �>= �; � ¨ �8Evenif we elaborateon themodificationsneededin our argumentswe

shouldsaythat thesamecorrespondingconsiderationspresentedin [2] are
still valid in ourcase.

with the union of balls. The first term can be easily dealt
with usingthe convergencetheoremspresentedin previous
sections.We needa few lemmas.

Lemma 1 ([23]) Let � � k be a fixed point on k and: 'à��(?+{��k&� . Thenunderthe hypotheseson Ð P described
above, there existsa constant@�Aµo q and a function B m ��� �
with C�DL+ <�®Q¯�E � · < ¸<�F SHG ' q such that for small enoughF�oßq ,[�I - �KJ�X� <Õ Ö Íák /$L E � �#�NM F < F y E � · < ¸O · m�¸ �

P
.

Lemma 2 ([23]) Under the hypothesesof the previous
Lemma, let P � �8qv��FJ� , then [�I~l m �$�%��P2�RQ � < Õ Ö L E� �#� M F · <TSVU ¸ F y E � · <�S�U ¸O · m�¸ �

P Ô
Now, using compactnessof k and an estimateof its

< ¬ -coveringnumberwecanprove

Proposition 1 ([23]) Let thesetof hypothesessustainingall
of thepreviouslemmashold. Let��f q&��� �XW��9� < Ñ M F · < â ¬ ¸ F y E � · < â ¬ ¸O · m�¸ , where @ A and B5m are

given as in the proof of Lemma1. Then [YI�k�Q � < Õ&Ö"L E· Ó S 0 � ¸ Ö0 � .9

Wearenow readyfor thefollowing convergencetheorem.

Theorem 5 ([23]) Let k be a : -dimensionalsmoothcom-
pact submanifoldof � � � . Let Ð P ' > t Ó ��ÔMÔMÔ��8t P H Ï k
be a i.i.d. set of points such that t Ø b daf k�g for �ßE(àE T . Then if F ' F P is such that F P[Z q andF APN\^] _ PP

holdsas T�UiW , we havethat for any ãio�q ,[ � +-,/.�î/1 ïQ4�m � �umv�wt%�!�2����� �B� Ü Ö �wt%�!�2� � oÉã � Pa`�b� h q
By simple considerations,one can see that the rate

of convergence can be estimatedby a constant times� I ] _ PP L Ó�â ¬ A Ç Ó] _ P � .

This concludesour study of distancefunctionson point
clouds(sampledmanifolds).We now turn to theevenmore
realscenariowherethepointsareconsideredto becontami-
natedby noise.

6 Noisy Sampling of Manifolds

We assumethat we have someuncertaintyon the actual
position of the surface, and model this as if each point
in the set of sampledpoints is modified by a (not yet
random)perturbationof magnitudesmallerthan c . More
explicitly, each t Ø is given as t Ø 'ÒtaÇedf'hgi for somegi �kj � S Ó , some t in k and c5lmd
lÒq . Then we can
guaranteethatthepoint t from which t Ø comescanbefound
inside ls�|t Ø �nc ��Í@k . We areagaininterestedin comparing� �B� Ü Ö ? � < Õ Ö h � ��y�z > q9H with �9m\?7k h � ��yÛz > q9H , but now

9Onecanprove with little extra work thatunderthesameconditionsono and � , 9qpsr2t  L¡ þ ¦%§ u Ö ¢xùwvnxzy�ú , where
r{t

is theHausdorff distance

betweensets.



thesefunctionshavedifferentdomains,thereforewemustbe
carefulin defininga meaningfulway of relatingthem.If we
consider|~}m Ñ >/O�� Ô �íÔ O ? � } m h kD� O �wtD� � ls�|t��nc ��ÍXkJH ,
we can compare,for some

O � | }m , and ��EK(Q��� E T ,� <� Ü Ö �wt Ø �8t"� � with �umv� O �|t Ø �í� O �|t�� �!� . Note that as
the magnitude of the perturbation goes to zero,|~}m W O �wtD� } ®Q¯� h t , for t � � } m . The next step is to

write +-,/.BÓ�� Ø 1 � � P ��� � <� Ü Ö �|t Ø �8t � �Ã�{� m � O �wt Ø �±� O �wt � ��� ��� ,
the biggest error we have for our set of points.
And finally, the next logical step is to look at
the worst possible choice for

O
: �Ûmv�8Ð P�� cÚ��FJ� Ñº�»&¼�� 4��V� � + ,2. Ó�� Ø 1 � � P ��� �9m&� O �wt Ø �í� O �wt"� ������� �J� Ü Ö �wt Ø ��t���� ��� Ô

We start by presentingdeterministicboundsfor this ex-
pression,and only later will we be more (randomically)
greedy, and in the spirit of Theorem5, prove, for ã oq , a result of the form ( �Ûm&��Ð PV� cÚ��FJ� will be a RV)[\��� m �8Ð P � cÚ��FJ� oAã5� Pa`�b� h q .
6.1 Deterministic Setting

The idea is to prove that for some convenient func-
tion �O � |~}m , we can write � m �8Ð P � cÚ��FJ� E+ ,2. Ó�� Ø 1 � � P ��� �9mv� �O �wt Ø �í� �O �wt"� ������� �J� Ü Ö �wt Ø ��t���� ��� Ç����~FI��c � ,
whereq E��%�$�%�� &� 051 3 ®Q¯� h q . Thenaturalcandidatefor �O is the
orthogonalprojectiononto k , ��m ? �R� m h k , whoseproper-
tiesarediscussedin [23]. Then,we seethatwe canreduce

everything to bounding + ,2. î/1 ïí4�m ��� � m �wt%�!�2����� �B� Ü Ö �wt%�!�2� ��� .
This is simple, since if Ð P � � } m then

�#<Õ9Ö � � < y�}m ,
and �um�l�� �J�Ü Ö0� � l�� � � S �� � � , andfinally from Theorem

3, � � m �{� �B� Ü Ö �{�&� · m�¸ E � m � F Ç�c .

Let kä� � <Õ9Ö
,
O � |X}m and ��E�(Q��� E*T . Then,

after using the triangle inequality a numberof times we
can write the bound,

j �9mB� O �wt Ø �±� O �|t��������e� �B� Ü Ö �wt Ø ��t�� � j E� º�»v¼&� 4��V� � + ,2.5î/4 Õ Ö �9mv� O �wtD�í�n��mB�wtD����Ç+ ,2.�î�1 ïí4�m ��� �umv�wt%�!�2����� �B� Ü Ö �|t��!�2� ��� Ç+ ,2. î�1 ïí4 Õ9Ö ��� � �B� Ü Ö �wt����2����� �J� Ü Ö ��� m �|tJ�í�n� m �8�2�!� ��� . The last

term can be boundedby
� c , the one in the middle has

already been discussed,hencewe are left with the first
one. Using Corollary 1, we find that since

O �wtJ� �ls����mB�wtJ�±� � c\��Í@k thenin fact
O �wtD� � l�mv����mB�wtJ�±� � cÚ���#Ç� m � c ��� , and �9mB� O �|tJ�í�n��mB�wtD���ßE � cá���áÇõ�#m � � � c � .

Summing up, under the condition k � �#<Õ9Ö
, we ob-

tain the desiredresult: ��mB��Ð PV� cÚ��FJ�GE � m � F`ÇKcÒÇ� c � � Ç � � �#m � c�� .

6.2 Random Setting

Assumethat
> t Ó ��ÔMÔMÔ��8t P H is a set of (QÔ (QÔ �vÔ randompoints

suchthat eacht Ø bcdaf � } m g . At this time, we want to es-
timatethe probability of having kÊÏ � < Õ Ö It is easyto see
thatasa first “reality compliant”conditiononeshouldhave

that thenoiselevel is not too big with respectto F . We will
imposeFYl�c for simplicity’s sake.

Theorem 6 ([23]) Let k be a : -dimensionalsmoothcom-
pact submanifoldof � ��� . Let Ð P ' > t Ó ��ÔMÔ�Ô±�8t P H be such
that t Ø b�d{f � } m g for �\E�( EeT . Thenif FX'�F P , cG'�c P
aresuch that c P E F P and F P�Z q and c AP�\e] _ PP as TáU`W ,

wehavethat for any ã oÊq , [ ��� m �8Ð P � cÚ�QFB�ÎoÉã5� Pa`�b� h q .
We have now concludedtheanalysisof themostgeneral

casefor noisy samplingof manifolds. Note that although
theresultsin thisandin previoussectionswerepresentedfor
Euclideanballs,they caneasilybeextendedto moregeneral
covering shapes(checkCorollary 1 above), e.g. following
[6, 15], or usingminimal spanningtrees,or from the local
directionsof thedata[25]. Similarly, the resultscanbeex-
tendedto othersamplingor noisemodels.

7 Examples

We now present examples of distance functions and
geodesicsfor pointclouds,Figure1 (first row), andusethese
computationsto find intrinsic Voronoi diagrams,Figure 1
(secondrow), ( seealso [17, 18]).10 We also presentex-
amplesin highdimensionsanduse,following andextending
[11], ourresultsto comparemanifoldsgivenby pointclouds.
All theseexercisesweredoneto exemplify theimportanceof
computingdistancefunctionsandgeodesicsonpointclouds,
andareby no meansexhaustive.

Thetheoreticalresultspresentedin previoussectionsshow
thattheintrinsicdistanceandgeodesicscanbeapproximated
by theEuclideanonescomputedin thebanddefinedby the
unionof ballscenteredat thepointsof thecloud. Theprob-
lem is thensimplifiedto first computingthis band,andthen
usewell known computationallyoptimaltechniquesto com-
pute the distancesand geodesicsinside this band,exactly
as donein [22] for implicit surfaces. The banditself can
be computedin several ways, and for the examplesbelow
we have usedconstantradii. Locally adaptive radii canbe
used,basedfor exampleon diametersobtainedfrom min-
imal spanningtrees. Automatic and local estimationof F
defining

� < Õ9Ö
wasnot pursuedin this paperandis the sub-

jectof currentresearch.
High Dimensional Data: We now presenta simpleexam-
ple for high dimensionaldata.We embeddeda circle of ra-
dius �¡  in � �£¢ , andusea grid of size ¤T¥�'¦¥�'§¥�'¦¥�'¦¤T¥
(with uniformspacingc`�X'�� ) suchthateachof thesample
pointsis of theform t Ø ' �¡ ¨I�©�ª º � ¬n« Ø¬ �í�!qv�!qv�!q&� º D�­I� ¬n« Ø¬ � L Ç�K�a®u� � � � � � �M��®5� , for �`E�( E�¯ . We thenusedour approach
to computethe(approximate)distancefunction � < in aband
in � �£¢ , and then, the error ° Ø ��' j �umv�wt Ø ��t�� �#� � < �wt Ø �8t"� � j
for (Q��� � > �7�MÔMÔ�Ôí��¯�H . In our experimentswe used F '

10All thefiguresin this paperarein color. VRML files correspondingto
theseexamplescanbefoundat mountains.ece.umn.edu/± guille/pc.htm.



Figure1: Firstrow left: Intrinsicdistancefunctionfor apoint
cloud. A point is selectedin theheadof theDavid, andthe
intrinsic distanceis computedfollowing theframework here
introduced.Thepoint cloudis coloredaccordingto their in-
trinsic distanceto the selectedpoint, going from bright red
(close)to darkblue(far). Theoffsetband,givenby theunion
of balls,is shown next to thedistancefigure.First row right:
Sameasbefore,with a geodesiccurvebetweentwo selected
points.Secondrow: Voronoidiagramfor point clouds.Four
points(left) andtwo points(right) areselectedon thecloud,
and the point cloud is divided (colored)accordingto their
geodesicdistanceto thesefour points. Note that this is a
surfaceVoronoi,basedongeodesicscomputedwith ourpro-
posedframework, not an Euclideanone. (This is a color
figure). Datasetsare courtesyof the Digital Michelangelo
Project.

²�³µ´·¶¹¸»º0¼ ´H³ 11 We randomly sampled
´T½�½

points from
the ¾�¿ÁÀ ½�½�½ pointsusedto constructthe union of balls
to build the

´�½�½�Â
´T½�½
error matrix Ã�Ã�Ä�ÅµÆaÇsÇ . We foundÈ�É º Å>Æ�Ê�Ä¡Å>ÆTËY¿ ²�³ ½�²$ÌT´

, that is a Í ³ ÎHÏÑÐXÒ -error. In Figure
2 we show thehistogramof all the(

´T½�½�Ó
) entriesof ÃsÃÔÄ�ÅµÆ¡Ç�Ç .

We shouldalsonotethatwhenfollowing thedimensionality
reductionapproachin [32], with thegeodesicdistancecom-
putationhereproposed,thecorrectdimensionalityof thecir-
cle wasobtained.
Object Recognition: The goal of this applicationis to use
our framework to comparemanifoldsgivenby point clouds.
Thecomparisonis donein an intrinsic way, that is, isomet-
rically (bending)invariant.This applicationis motivatedby
[11], wherethey usegeodesicdistances(computedusinga
graphbasedapproach)to compare

Î�Õ
triangulatedsurfaces.

In contrastwith [11], we comparepoint cloudsusing our
framework (which,is notonly basedin theoriginalraw data,
but it is also, as shown in [23], more robust to noisethan
meshapproachesas thoseof [11] andvalid in any dimen-
sions), and usea different procedure/similaritymetric be-

11For a discussionon how to make a preliminaryestimationof thevalue
of Ö see[22].

0 0.5 1 1.5 2 2.5
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

Figure2: Histogramfor theerror in thecaseof a circle em-
beddedin � �£¢ .

M2 M3 M5 W2 W3
M2 } q&Ô q� &�{¥ q&Ô q� $®/q qvÔ ¥$×�Ø5q qvÔ ¥$Ù� T¤
M3 } } q&Ô q � q�× qvÔ ¥�®/q&� qvÔ ¥$Ù� TØ
M5 } } } qvÔ ¥�®/q � qvÔ ¥$Ù�× �
W2 } } } } qvÔ � ×�¤�Ø
W3 } } } } }

Table1: Crosscomparisonsfor thepoint cloudhumanmod-
elsusingtheerrormeasurein [23]. Datasetsare courtesyof
J. Leifman.

tweenthe manifolds(in particular, we directly comparethe
distancematricesobtainedfromthepointclouds,see[23] for
details).As anexample,thismetricis usedhereto compare,
in a bendinginvariantfashion,  humanartificial models,¤
of themarebendingsof a manand

�
bendingsof a woman,

seefigure 3. The resultsof this crosscomparisonwith the
metricsuggestedin [23] arepresentedin Table1 below.

Figure 3: Left: MAN models. From top to bottom (two
views of eachmodel): MAN2 and MAN3. Right: Same
for WOMAN models

8 Concluding Remarks

In this paper, wehaveshown how to computedistancefunc-
tions andgeodesicsintrinsic to a genericmanifold defined
by a point cloud,without the intermediatestepof manifold
reconstruction.Thebasicideais to usewell developedcom-
putationalalgorithmsfor computingEuclideandistancesin
anoffsetbandsurroundingthemanifold,andusetheseto ap-
proximatethe intrinsic distance.Theunderlyingtheoretical
resultswerecomplementedby experimentalillustrations.



As mentionedin theintroduction,analternativetechnique
to computegeodesicdistanceswasintroducedin [2, 32] (see
also [12]). In contrastwith our work, the effects of noise
were not addressedin [2, 12]. Moreover, as one can see
from considerationsin [23], our framework is morerobust
to noise. We shouldnotethat the memoryrequirementsof
the currentway of implementingour framework are large,
andthis needsto beaddressedfor very high dimensions.In
particular, weareinterestedin directwaysof computingdis-
tancesinsideregionsdefinedby union of balls,without the
needto usetheHamilton-Jacobiapproach.

We arecurrentlyworking on theuseof this framework to
createmultiresolutionrepresentationsof pointclouds(in col-
laborationwith N. Dyn, seealso[3, 7, 9, 26]), to furtherper-
form objectrecognitionfor larger libraries,andto compute
basicgeometriccharacteristicsof the underlyingmanifold,
all this of coursewithout reconstructingthe manifold (see
[24] for recentresultson normalcomputationsfor 2D and
3D noisy point clouds). Furtherapplicationsof our frame-
work for high dimensionaldataarealsocurrentlybeingad-
dressed,beyondthepreliminary(toy) resultsreportedin 
 7.
Of particularinterestin this directionis the combinationof
thiswork with theonedevelopedby Coifmanandcolleagues
andtherecentonein [12].
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